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Chapter 1

Introduction

1.1 Background

A day at the seaside

The French children’s book ‘Caroline à la mer’ [Pro65], whose original cover is
shown in Figure 1.1, tells of the adventures of a young girl, Caroline, and her
friends during a day at the seaside. Depicted on the cover are Caroline herself,
along with five of her friends: Youpi (the pup wearing the straw hat), Pouf (the
white kitten holding hands — or paws — with Caroline), Noiraud (the black
kitten with the bird-shaped swim tube), Boum (the bear cub bending down to
pick up something) and Kid (the lion cub in the back). Not pictured are Bobi
(a black-and-white pup), Pitou (a panther cub) and Pipo (a sheep dog pup).1
In the book, amongst other things, the group plays on the beach, goes diving,
and rescues Youpi after he gets surprised by the high tide and finds himself
stuck on a rock surrounded by water. Not shown in the book, unfortunately, is
any use of the large beach ball that Caroline is holding on the cover. In part,
this thesis aims to fill this gap.

Imagine that some members of the group are playing with the ball by passing
it to one another. A typical element of such a game is to make sure that no-one

1These are the animals’ original names in French. They may differ depending on your
localisation.

1
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Figure 1.1: The cover of our copy of ‘Caroline à la mer’.

feels left out, and thus that everyone receives the ball every now and then (this
is known as fairness). Generally the group will pay some attention to this and
will try to pass the ball to someone if they feel they are not receiving it often
enough. Caroline and her friends, however, decide to be more rigorous, and they
come up with a straightforward solution: they agree on a fixed order in which
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they receive the ball — say, Caroline-Youpi-Pouf-Noiraud-Boum, assuming
these are the five playing — and then keep passing the ball in this order until
they grow tired of playing.

A day at the seaside, formalised

Formally, Caroline and her friends can be modelled as a distributed system.
A distributed system consists of a number of communicating processes that
collaborate to perform a common task. Communication in such a system
traditionally consists of passing messages between processes. When modelled
as a distributed system, the processes are Caroline and her friends, who
communicate by passing the beach ball to one another, and their common task
is (presumably) to have fun. The system’s behaviour can also be formalised:
for example, the earlier solution in which the group continuously passes the
ball in a fixed order can be modelled as the state machine in Figure 1.2.

The state machine depicts the possible locations of the ball as circles (states),
numbered upwards from 0, and the ways to transition from one state to another
by way of the labelled arrows (transitions). Initially, the machine starts in state
0, as indicated by the small external arrow; in state 0, Caroline is holding the
ball. Caroline can then pass the ball to Youpi, depicted in the state machine by
the arrows to states 1 and then 2. The passing of messages in this machine (and
the remainder of this thesis) is asynchronous, meaning that each communication
consists of two distinct parts — a sending action and a receiving action (or send
resp. receive for short) — which do not happen simultaneously. The sending
part of the communication between Caroline and Youpi is depicted by the
arrow from state 0 to state 1, which is labelled with CY! : CY to denote
a message from Caroline to Youpi, and ! to denote that this is the sending
part — and, naturally, 2 to denote that the message itself consists of a beach
ball. Dually, the arrow from state 1 to state 2 is labelled with CY? , where
CY still indicates a message from Caroline to Youpi, and where ? denotes
the receiving part of the communication. Consequently, state 1 represents the
situation after Caroline has passed the ball but before Youpi has received it,
and state 2 represents Youpi holding the ball. The machine then goes on with
Youpi passing the ball to Pouf, Pouf receiving the ball and so forth. A number
of intermediate states have been omitted to avoid clutter. The cycle ends with
Caroline receiving the ball from Boum, after which the state machine is once
again in state 0 (“Caroline has the ball”). Caroline can then again throw the
ball to Youpi to initiate another cycle; this can be repeated arbitrarily often.

2 by AomAm, www.iconfinder.com/aomam.ss, www.iconfinder.com/icons/2138269.

https://www.iconfinder.com/aomam.ss
https://www.iconfinder.com/icons/2138269
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0

1 2
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4. . .

CY!

CY?

YP!

YP?

PN!

BC?

Figure 1.2: A state machine modelling Caroline and her friends passing the
ball in a fixed order.

Alternatively, the group could now stop, which is denoted by state 0 being
doubly circled: it is a final state, i.e., the state machine may terminate while in
this state.

It is worth looking in more detail at asynchronous communication and messages,
and introducing the concept of concurrency. To illustrate this, we give the
group a second beach ball. The group passes this second ball in the same order
as the first one, except that it initially starts with Boum. The beach balls are
rather large, and Caroline and her friends rather small, so each of them can
only hold a single ball at any time. Figure 1.3 shows part of the corresponding
state machine. We can then observe several things:

• The two cycles are concurrent : they can both make progress independently
of the other. From the initial state, 00, in which Caroline and Boum have
the balls, either of the two can throw their ball, thus moving to either
state 10 or 01.3 Note that there is no state 02, which would correspond
to Caroline receiving a ball from Boum before throwing her own, since
each player is limited to one ball at a time.

• Since the communication is asynchronous, not only does it consist of two
separate parts (send and receive), but the two parts also do not have to
happen back-to-back. This is illustrated by the path from state 00 to 01,

3In a truly concurrent system, the two actions would also be able to occur simultaneously,
thus moving directly from state 00 to 11. For the sake of simplicity, we do not model this.
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Figure 1.3: Part of a state machine modelling Caroline and her friends passing
two balls in a fixed order, with players being able to hold one ball at a time.

11 and then 12: Boum throws a ball to Caroline, after which Caroline
first throws her own ball and then receives the one from Boum. From
state 12, Caroline could then throw a second ball to Youpi, thus moving
to state 13 (not shown). Subsequently, both balls would be in transit
from Caroline to Youpi, who can then receive them and pass them on
one by one.

• The labels in the state machine do not distinguish between the two
balls. In reality, naturally, the two are distinct, but in the model both
are represented as . Formally, we say that the players communicate
messages of type .

The state machines in Figures 1.2 and 1.3 model the behaviour of the group as
a whole. We can similarly model the behaviour of the individual participants;
for example, Figure 1.4 shows state machines for the behaviour of Caroline and
Youpi in Figure 1.2. Caroline distinguishes two states: either she has the ball
(state C0) or she does not (state C1). Realistically, on the beach Caroline would
be able to observe her friends and would know which of them currently has the
ball — or between which pair of friends the ball is currently sailing through the
air. However, in distributed systems we assume that all the processes can only
observe their own, local, behaviour. Caroline’s state C0 thus corresponds to
state 0 in Figure 1.2, and state C1 represents all the others. Initially, Caroline
has the ball: she thus starts in state C0. When she has the ball, she may pass
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C0 C1

CY!

BC?

(a) Caroline

Y0 Y1

YP!

CY?

(b) Youpi

Figure 1.4: State machines modelling the local perspectives of two players for
the state machine in Figure 1.2.

it to Youpi, after which she is in state C1. From state C1, she will at some
point receive the ball from Boum, after which she returns to state C0. The
group may stop when Caroline has the ball, so C0 is also Caroline’s final state.
Similarly, Youpi distinguishes two states: either he has the ball (state Y0) or he
does not (state Y1). State Y0 corresponds to state 2 in Figure 1.2, while state
Y1 represents all the others. Initially, he does not have the ball, and he thus
starts in state Y1. He moves to state Y0 by receiving the ball from Caroline,
and then back to Y1 by passing the ball to Pouf. The group may stop when
Youpi does not have the ball (i.e., it may stop when Caroline has it), so Y1 is
Youpi’s final state. All the other participants’ state machines are analogous to
Youpi’s. Interestingly, the individual state machines for Figure 1.3 are almost
identical to the ones for Figure 1.2: since the friends can only hold one ball,
they do not distinguish any more states than before. The only difference is that
Boum now starts (and finishes) in a state in which he has a ball.

Having a formal model enables formal reasoning. For example, we can prove
that, in each completed sequence of actions of the state machine in Figure 1.2
(i.e., a path following the arrows through the state machine and ending in
a final state), each of the friends receives the ball equally often — which is
the fairness property they initially set out to achieve. We can also prove that
someone (in this case Caroline) is holding the ball when the group stops, and
thus that the ball is not forgotten.

Specifying communication protocols as choreographies

The earlier agreed-upon “repeatedly pass the ball in the order Caroline-Youpi-
Pouf-Noiraud-Boum”, while intuitive, is also ambiguous. For example, it does
not specify whether the friends should complete at least one cycle; the state
machine in Figure 1.2 can terminate immediately, before any communication
has happened, which corresponds to zero iterations of the cycle. Neither does
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the agreement specify whether the game should always end with Caroline, or
whether the group may stop at any point; the state machine assumes that they
may only stop after a complete cycle, i.e., when Caroline has the ball. Allowing
the group to stop at any point can be modelled by making every state a final
state — or, preferably, every even state to prevent the ball from being left on
the beach. When formally reasoning about the behaviour of systems, it is thus
important to have a precise description of their intended behaviour.

A communication protocol prescribes the intended communications in a system.
There exist many different notations for protocols (or protocol specifications),
both visual (such as message sequence charts [ITU11] and business process
model and notation4) and textual (such as multiparty session types [HYC08]);
we will focus on the latter. Formally, the repeated cyclic passing of the ball
could be specified as follows:

(C�Y: ; Y�P: ; P�N: ; N�B: ; B�C: )∗ (1.1)

Here, C�Y: denotes a communication (of a ball) from Caroline to Youpi,
‘;’ denotes things happening in sequence (sequential composition), and the
closing ‘∗’ denotes that everything inside the parentheses should be repeated
zero or more times (though only finitely often). This precisely matches the
behaviour in Figure 1.2. We make two important observations about this
protocol specification:

1. It specifies the behaviour of the entire system, as opposed to that of the
individual participants. In other words: it directly specifies the global per-
spective given in Figure 1.2, not the local perspectives given in Figure 1.4.
We also say that it is a global specification, whereas the specifications of
the participants are local specifications.

2. It specifies behaviour in terms of full communications, as opposed to the
individual sending and receiving actions in Figure 1.2.

Specifications with the properties described above are called choreographies.
Their use is well-established [ITU11; AEY05; HYC08; HYC16; CM13; CM20],
and offers several benefits. Designing a system from a global perspective yields
a clearer specification and easier reasoning, and allows to directly modify the
global specification. The matching local specifications for the processes, or even
behaviourally equivalent implementations, can then be automatically derived
from the global one through a process called projection. In contrast, when
designing a system from the local perspectives of the processes, the global

4https://www.omg.org/spec/BPMN

https://www.omg.org/spec/BPMN
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perspective is derived from the local ones through a process called composition.
Furthermore, choreographies provide certain safety guarantees by default. Since
they specify full communications, it is impossible to specify a communication
error : a send-receive pair with mismatching messages, or a send or receive
without its counterpart.5 Choreographies also provide deadlock-freedom, a
property stating that the system is always able to eventually make progress.
Certain choreographies also provide the stronger property of starvation-freedom,
which deals with the progress of individual processes, rather than the progress
of the system as a whole.

Choreography compliance and realisability

Unfortunately, the properties of choreographies do not always carry over to their
projections. To illustrate this with an example, consider the simple protocol
from before, in (1.1). While safe, it is also repetitive and, arguably, boring.6
Caroline and her friends decide to add some variety to it: they add a second
(fixed) order and will arbitrarily alternate between the two. This way, they still
guarantee fairness but they also prevent every cycle from being the same. Their
second possible order swaps the positions of Youpi and Boum with respect to
the first possible order, and is otherwise the same. Formally, the new protocol
they agree on is as follows:

((C�Y: ; Y�P: ; P�N: ; N�B: ; B�C: )
+ (C�B: ; B�P: ; P�N: ; N�Y: ; Y�C: ))∗

(1.2)

Communications, sequential composition (‘;’) and finite repetition (‘∗’) are as
before. New is ‘+’, which denotes a (nondeterministic) choice between the two
orders. While there are multiple ways to model choices, we choose to leave the
manner in which the group decides upon an order unspecified. Note that the
‘∗’ now applies to the outer pair of parentheses, which encloses the choice: the
choice is repeated zero or more times. Furthermore, there is no mechanism that
forces the two orders to be picked equally often; it is, for example, possible for
the second to be picked every time. Figure 1.5 shows a state machine modelling
this new behaviour. It is analogous to the state machine in Figure 1.2, except
that there are two outgoing transitions from state 0, each starting one of the
two possible cycles.

5In the literature, sends and receives without counterparts are also called lost messages
and orphan messages, respectively.

6Some people may argue that playing with a beach ball will be boring regardless of the
approach. Those people should be thoroughly ignored.
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Figure 1.5: A state machine modelling Caroline and her friends passing the
ball in one of two fixed orders.

Upon executing this protocol, Caroline and her friends run into a problem.
The problem appears when considering the behaviour of Noiraud, modelled in
Figure 1.6a. The two outgoing transitions from Noiraud’s initial state, N0, are
both receives of the ball from Pouf. Subsequently, Noiraud should pass the ball
to either Boum or Youpi, depending on which of the two originally passed the
ball to Pouf. However, Noiraud cannot observe which of the two passed the
ball to Pouf and will thus have to pick one of the two without this information;
since he cannot distinguish the two cycles based on his local information, he is
thus not guaranteed to follow the same cycle as the one picked by Caroline.

To illustrate the problems this can cause, consider the state machines for
Noiraud, Youpi and Caroline in Figure 1.6. Suppose that Caroline initially
passes the ball to Youpi, thus moving from state C0 to C1 — this corresponds
to the right cycle in Figure 1.5. Youpi will then receive the ball and pass it
to Pouf, thus moving from state Y0 to Y1 and back to Y0. Pouf will forward
the ball to Noiraud. If Noiraud guesses wrong and instead decides to follow
the left cycle, then he receives the ball, moving from state N0 to N2, and then
moves back to N0 by throwing the ball to Youpi. From Youpi’s point of view
(he is in state Y0), he is able to receive a ball from Noiraud: this could be the
second round. Youpi thus receives the ball and throws it to Caroline, thus
moving from state Y0 to state Y2 and back to Y0. Meanwhile, Caroline is still
in state C1, expecting a ball from Boum. In state C1, she cannot receive a ball
from Youpi. At this point, since Caroline cannot receive the ball and no other
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(a) Noiraud
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(b) Youpi
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Figure 1.6: State machines modelling the local perspectives of three players for
the state machine in Figure 1.5.

member of the group can perform any action either, they are stuck: the system
is deadlocked.

Recall from earlier that choreographies guarantee an absence of deadlocks.
However, the system implementing the choreography in (1.2) still resulted in
one. The problem here is that the prescribed behaviour of the choreography
does not match the behaviour of its implementation: the system is not compliant
with the choreography. Relatedly, a choreography is realisable if there exists
at least one compliant implementation of it, i.e., an equivalent composition of
local specifications — otherwise, it is unrealisable. While it is thus impossible to
specify communication errors or deadlocks in a choreography, these guarantees
are only meaningful for a concrete system if the system is actually compliant,
and if the choreography is realisable in the first place. This thesis focuses on
the latter problem, realisability.

We refer the interested reader to Fabrizio Montesi’s recent book ‘Introduction
to Choreographies’ [Mon23] for further reading on choreographies.

1.2 This thesis

The contributions of this thesis to the study of choreographies can be divided
into the two parts mentioned in its title: specification and verification.
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1.2.1 Specification

The first part of this thesis studies the specification of choreographies, or, more
specifically, choreography specification languages — choreography languages for
short. A choreography language consists of communications (such as C�Y: )
and a number of operators (such as ‘;’, ‘∗’ and ‘+’) to combine the communica-
tions into the desired patterns. This makes it possible, for example, to specify
the choreographies in (1.1) and (1.2), which specify the patterns in Figures 1.2
and 1.5, respectively. The operators in the language determine the patterns that
can be specified in it. Informally, we refer to the possible patterns that can be
specified in a given choreography language as that languages’s expressiveness.

The expressiveness of existing choreography languages is typically limited: for
each such language, there exist sensible patterns of interaction which cannot
be specified in it. In part, this is because of choreography compliance and
realisability. Realisability is discussed in more detail in Section 1.2.2; for now
it suffices to say that the problem is difficult and that the expressiveness of
many languages is syntactically restricted to a subset for which realisability
can be more easily established. Another factor in the limited expressiveness of
choreography languages is the syntactic constraint of using full communications
in expressions. It is well known that all (finite) state machines can be represented
using expressions with the operators ‘;’, ‘∗’ and ‘+’ [Kle56], if the specification
language contains the individual send and receive actions (CY! and CY? ,
respectively). However, it is then also possible to specify communication errors
and deadlocks — for example, by specifying CY? , a singleton receive without a
matching send. Choreography languages rule out communication errors by only
allowing full communications. In turn, this also rules out certain communication-
error-free (and thus desirable) patterns, which then require the introduction of
new operators to express.

To illustrate this, the state machine in Figure 1.7 models an exchange between
Caroline and Youpi. First they both throw a ball to the other, in any order, and
then they both receive them, again in any order. This kind of pattern occurs
in situations where a participant should first send their own message(s) before
receiving any, which is important in, for example, distributed games (such as
rock-paper-scissors) or a distributed vote. While the behaviour modelled by
the state machine does not contain communication errors and is realisable, it
is also impossible to express as a choreography when using only ‘;’, ‘∗’ and ‘+’.
At the very least, we would need the two basic communications, C�Y: and
Y�C: . Combining the two with sequential composition (‘;’), however, forces
one of them to occur before the other, as seen in Figure 1.8a. Specifications for
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Figure 1.7: A state machine modelling Caroline and Youpi exchanging balls,
with neither having both simultaneously.

CY! CY? YC! YC?

(a) Sequential composition: C�Y: ; Y�C:

CY!

CY?
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CY?
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YC?

CY!

CY?

YC!

YC?

(b) Parallel composition: C�Y: ∥ Y�C:

Figure 1.8: State machines modelling the sequential and parallel composition,
respectively, of two communications.

concurrent systems often use parallel composition (‘∥’), which allows things to
happen in any order. The result, shown in Figure 1.8b, resembles Figure 1.7 but
includes two additional states, corresponding to the cases where either Caroline
or Youpi receives the other’s ball before throwing their own. Specifying the
behaviour in Figure 1.7 thus requires a different operator, or different operators.

We study the theoretical limits of the expressiveness of choreography languages.
Choreographies specify communication-error-free behaviour. The dual question
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then remains: how much communication-error-free behaviour can be expressed
in choreography languages? Behaviour such as that in Figure 1.7 requires more
sophisticated operators, and it might be possible that it is simply unavoidable
to lose some expressiveness when using a choreography language. Specifically,
we focus on behaviour expressed as a finite state machine, as seen in, e.g.,
Figure 1.7. Those familiar with formal language theory will know that finite
state machines correspond to the class of regular languages — or, in our case,
regular protocols. While there exist other types of state machines, corresponding
to other classes of formal languages, we are not aware of existing choreography
languages that specify non-regular protocols7, and the potential expressiveness
of choreography languages is unknown both in general and for regular protocols
in particular. In summary, we can thus ask the following question:

Question 1. Does there exist a choreography language capable of specifying
all communication-error-free regular communication protocols?

Chapter 3 answers this question positively: we describe a family of operators,
called shuffle on trajectories, introduced in 1998 by Alexandru Mateescu,
Grzegorz Rozenberg and Arto Salomaa [MRS98], and we show how it can be
used in a choreography language to express any (communication-error-free)
regular protocol. In other words: we show that it is possible to syntactically
enforce an absence of communication errors without losing any expressiveness.
Furthermore, we show the same results for the class of ω-regular protocols,
which describe infinitely long sequences of behaviour.

1.2.2 Verification

The remainder of this thesis studies the verification of properties of choreo-
graphies, in particular realisability. Specifically, we introduce a new model for
the behaviour of choreographies, and we use it to study realisability.

Behavioural models

In the past five to ten years, there has been growing interest in behavioural
models for choreographies, both for the purpose of analysis [GT19; SY19; JY20]
and for code generation [HY16; Kou+18; YZF21; Bar+23; FJ23]. Generally
speaking, the larger the model is, the longer the analysis takes. Conversely,
more compact models may lead to more efficient verification.

7Recall that we consider choreography specification languages. This statement does not
apply to, e.g., choreographic programming languages.
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There are two major approaches to model behaviour in the literature: state-based
models and event-based models. State-based models such as state machines are
good at modelling choices (e.g., Figure 1.5), but they tend to grow very large
when modelling concurrency. The latter is apparent in Figure 1.8: although the
two state machines involve the same two communications, the one modelling
their parallel composition (Figure 1.8b) is significantly larger than the one
modelling their sequential composition (Figure 1.8a). This is because the two
communications in Figure 1.8b can make progress in any order, and the state
machine must contain a state for any combination of their individual progress.
Since each communication distinguishes three stages of progress (initial, sent,
and received), this results in 3 × 3 = 9 states. Each additional parallel commu-
nication would further triple the number of states: a state machine requires 3n
states to model the parallel composition of n communications. This exponential
growth is also (aptly) called a state space explosion.

The same can be observed in the earlier example with two beach balls, whose
state machine is shown in Figure 1.3. Whereas the single-ball state machine
in Figure 1.2 has 2n states for n players, the state machine in Figure 1.3 has
(2n)2 −n states for n players (−n since we exclude the n states in which one of
the players has both balls). In general, the number of states grows exponentially
with the number of beach balls.

In contrast, event-based models excel at modelling concurrency. A typical
such model is the pomset semantics of g-choreographies, by Roberto Guan-
ciale and Emilio Tuosto [GT19]. Partially ordered multisets, or pomsets for
short, were introduced in 1986 by Vaughan Pratt [Pra86]. Figure 1.9 shows
a graphical pomset representation of one iteration of the example with two
balls (cf. Figure 1.3). The pomset contains 20 events — one for each action
— whose labels are shown. The arrows form a partial order and represent causal
dependencies between events: an event must occur before any other event to
which it has an outgoing arrow, either directly or transitively. In this example,
the event in the lower left corner, labelled BC! , precedes the event to the
right of it, labelled BC? , through a direct arrow, and all other events in the
lower row transitively. However, it is independent of the events in the upper
row. The constraint of one ball per player is clearly represented by means of
the diagonal arrows, indicating that, for example, Caroline must throw the
ball she starts with before receiving the one from Boum. In particular, this
constraint does not necessitate duplicate events. The pomset thus grows linearly
with 10 events for each additional ball, whereas a state machine would grow
exponentially.
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CY! CY? YP! YP? . . . BC?

BC! BC? CY! CY? . . . NB?

Figure 1.9: A pomset modelling Caroline and her friends passing two balls in a
fixed order, with players being able to hold at most one ball at a time.

In contrast, a pomset only represents a single (concurrent) scenario, i.e., a
fixed set of events that may occur in a number of orders. Representing a
choice between possible events requires a set of pomsets: one for every possible
combination of branches. For example, one iteration of the protocol in (1.2)
would require two pomsets, one for each of the two possible orders. To make
matters worse, two iterations would require 2 × 2 = 4 pomsets, since there are
two possibilities for each of the two iterations. In general, n iterations with
k possible orders each require kn pomsets, which, while a different kind of
explosion, is an explosion nonetheless.

Consequently, protocols containing combinations of concurrency and choice will
lead to an explosion in the size of both models. This happens if, for example,
we would add additional balls to (1.2). This spurs the following question:

Question 2. Can we design a model that compactly represents combinations
of concurrency and choice in choreographies?

We answer this question positively by extending pomsets with a choice mechan-
ism, by means of a branching structure. We present and explore the resulting
model, branching pomsets (BPs for short), in Chapter 4. Figure 1.10 shows one
iteration of a protocol with two possible cycles and two balls, modelled as a
BP. Each white box (except for the outermost one) represents one branch of
a choice, while the choice itself is represented by the enclosing blue box. As
such, each choice box represents the movements of (one iteration of) one ball,
with the arrows between the boxes representing the additional dependencies to
ensure that players do not receive a ball while already holding one. Choices
can be resolved by dropping one their branches (and removing all the corres-
ponding arrows), after which the events in the remaining branch can occur as
in traditional pomsets. This is illustrated in Figure 1.11, in which the upper
choice has been resolved to its lower branch. In this model, each additional ball
would add one choice box, and each additional possible order would add one
branch to each choice.
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Choice

Choice

CY! CY? YP! YP? . . . BC?

CB! CB? BP! BP? . . . YC?

BC! BC? CY! CY? . . . NB?

BP! BP? PN! PN? . . . CB?

Figure 1.10: A branching pomset modelling Caroline and her friends passing two
balls in two possible orders, in which no player holds two balls simultaneously.

We give a thorough comparison between BPs and several existing classes of event
structures [NPW81], which also generalise pomsets with a choice mechanism.8
A major difference is that the branching structure of BPs is hierarchical,
resembling choices in expressions in choreography languages. In contrast, most
classes of event structures model choices through a conflict relation, which
prohibits certain pairs of events of occurring in the same computation. BPs
define an interesting new class of behaviour. Their expressiveness turns out to
be incomparable with most existing classes of event structures, and they are
only contained in the more expressive classes of dynamic event structures.

In Chapter 5 we define a simple choreography language and show how to encode
its behaviour in the BP model.

Realisability

The realisability problem has been well-studied in the last two decades in various
settings. Notably, Rajeev Alur, Kousha Etessami and Mihalis Yannakakis show
that, for bounded MSC-graphs, which define a subset of regular languages, the
problem is undecidable for one definition of realisability and PSPACE-hard and
in EXPSPACE for another [AEY05].9 Markus Lohrey [Loh02] improves the lat-

8More accurately, event structures can be seen as a generalisation of posets, and labelled
event structures can be seen as a generalisation of pomsets.

9There exist multiple definitions of realisability, depending on the type of equivalence
used and, for example, depending on whether or not deadlock-freedom is included.
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Choice

CB! CB? BP! BP? . . . YC?

BC! BC? CY! CY? . . . NB?

BP! BP? PN! PN? . . . CB?

Figure 1.11: The branching pomset in Figure 1.10 after its upper choice is
resolved to its lower branch.

ter bound by establishing EXPSPACE-completeness. While there are differences
between our settings, this shows that the problem is, in general, complex.

Of particular interest to this thesis is the approach adopted by Kohei Honda,
Nobuko Yoshida and Marco Carbone in multiparty session types (MPST)
[HYC08]. Their analysis does not use a behavioural model; instead, their cho-
reography language and projection operator (implicitly) define well-formedness
conditions directly on the specifications. A certain amount of structure is
enforced by the language itself, in particular regarding the specification of
choices. A specification in MPST is then well-formed if it can be projected
upon each participant. These structural conditions are easy to verify and, in
the case of MPST, are sufficient to prove realisability. However, they are also
conservative: all well-formed specifications are realisable, but not all realisable
specifications are necessarily well-formed. Correct specifications may thus be
unnecessarily rejected. There has since been plenty of research aimed at relaxing
these conditions to reject fewer correct specifications, while still disallowing
any incorrect ones; this is briefly discussed in Section 6.6. However, it may
also be possible to apply the same approach to another model with sufficient
structure, such as BPs:

Question 3. Can we define well-formedness conditions on branching pomsets
such that they are both easily verifiable and sufficient to prove realisability?

We present these conditions in Chapter 6; inspired by the well-formedness
conditions of MPST, they are defined directly on BPs. We formally prove that
the choreography represented by any well-formed BP is realisable. Naturally,
like in MPST, the conditions are conservative. Nevertheless, we believe this
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result is promising. Since BPs are not tied to the syntax of any particular
choreography language, any analysis on them — including realisability through
well-formedness — can be used for any choreography language, provided there
is an encoding from it into BPs: in the words of Guanciale and Tuosto, it
is syntax-oblivious. For example, since we have provided an encoding of the
choreography language in Chapter 5 into BPs, we can automatically apply
these checks to any choreography expressed in it. For the same reason, it may
also be possible to define well-formedness conditions more generally on BPs
than on any specific syntax, such as the choreography language of MPST.
Finally, we discuss some ideas for (correctness-preserving) relaxations of our
well-formedness conditions.

Chapter 7 describes an implementation of the work presented in Chapters 4
to 6. It explains how to use a companion tool, developed to simulate BPs and
analyse their applications to choreographies. In particular, the tool allows a
user to (a) construct BPs, either by specifying them directly or by specifying
a choreography, (b) explore the possible executions of BPs step-by-step, and
(c) automatically check for the presented well-formedness conditions. We also
discuss the implementation of these well-formedness conditions, and show
that its complexity is much less than that of a full realisability analysis. The
tool is available as a live snapshot at https://lmf.di.uminho.pt/b-pomset/,
and is archived as part of an artefact in the Zenodo repository at https:
//doi.org/10.5281/zenodo.7888538. Many of the examples in Chapters 4
to 6 are predefined in the tool, as well as a number that do not feature in this
thesis; the digital version of this thesis provides hyperlinks that open the tool
with the specific example, e.g., Rc � (Figure 5.3, on page 95).

1.3 Publications

The majority of this thesis consists of published material for which I was the lead
author, either in conference or workshop proceedings or in journals. The start of
each chapter mentions the relevant publications, as well as any (major) additions.
The following is an overview of the papers upon which this thesis is based:

• [DLT21] Luc Edixhoven and Sung-Shik Jongmans. ‘Balanced-By-Con-
struction Regular and ω-Regular Languages’. In: Developments in Lan-
guage Theory - 25th International Conference, DLT 2021, Porto, Portugal,
August 16-20, 2021, Proceedings. Ed. by Nelma Moreira and Rogério Reis.
Vol. 12811. Lecture Notes in Computer Science. Springer, 2021, pp. 130–
142. doi: 10.1007/978-3-030-81508-0_11

https://lmf.di.uminho.pt/b-pomset/
https://doi.org/10.5281/zenodo.7888538
https://doi.org/10.5281/zenodo.7888538
https://lmf.di.uminho.pt/b-pomset/?Rc
https://doi.org/10.1007/978-3-030-81508-0_11
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• [IJFCS23] Luc Edixhoven and Sung-Shik Jongmans. ‘Balanced-by-Con-
struction Regular and ω-Regular Languages’. In: Int. J. Found. Comput.
Sci. 34.2&3 (2023), pp. 117–144. doi: 10.1142/S0129054122440026

• [ICE22] Luc Edixhoven, Sung-Shik Jongmans, José Proença and Guiller-
mina Cledou. ‘Branching Pomsets for Choreographies’. In: Proceedings
15th Interaction and Concurrency Experience, ICE 2022, Lucca, Italy,
17th June 2022. Ed. by Clément Aubert, Cinzia Di Giusto, Larisa Safina
and Alceste Scalas. Vol. 365. EPTCS. 2022, pp. 37–52. doi: 10.4204/
EPTCS.365.3

• [FACS22] Luc Edixhoven and Sung-Shik Jongmans. ‘Realisability of
Branching Pomsets’. In: Formal Aspects of Component Software - 18th
International Conference, FACS 2022, Virtual Event, November 10-11,
2022, Proceedings. Ed. by Silvia Lizeth Tapia Tarifa and José Proença.
Vol. 13712. Lecture Notes in Computer Science. Springer, 2022, pp. 185–
204. doi: 10.1007/978-3-031-20872-0_11

• [JLAMP24] Luc Edixhoven, Sung-Shik Jongmans, José Proença and Ilaria
Castellani. ‘Branching pomsets: Design, expressiveness and applications
to choreographies’. In: J. Log. Algebraic Methods Program. 136 (2024),
p. 100919. doi: 10.1016/J.JLAMP.2023.100919

The conference paper [DLT21] and its extended journal version, [IJFCS23],
form the basis for Chapter 3. The workshop paper [ICE22] and the conference
paper [FACS22] are both included in the later journal paper [JLAMP24], which
forms the basis for Chapters 4 to 7. Specifically, Chapters 4 and 5 are based on
the material from [ICE22] and additional material from [JLAMP24], Chapter 6
is based on material from [FACS22], and Chapter 7 is based on new material
from [JLAMP24].

The following is an overview of further papers to which I have contributed
during my PhD, but which are not included in this thesis:

• [ECOOP22] Guillermina Cledou, Luc Edixhoven, Sung-Shik Jongmans
and José Proença. ‘API Generation for Multiparty Session Types, Re-
visited and Revised Using Scala 3’. In: 36th European Conference on
Object-Oriented Programming, ECOOP 2022, June 6-10, 2022, Berlin,
Germany. Ed. by Karim Ali and Jan Vitek. Vol. 222. LIPIcs. Schloss
Dagstuhl - Leibniz-Zentrum für Informatik, 2022, 27:1–27:28. doi: 10.
4230/LIPICS.ECOOP.2022.27

https://doi.org/10.1142/S0129054122440026
https://doi.org/10.4204/EPTCS.365.3
https://doi.org/10.4204/EPTCS.365.3
https://doi.org/10.1007/978-3-031-20872-0_11
https://doi.org/10.1016/J.JLAMP.2023.100919
https://doi.org/10.4230/LIPICS.ECOOP.2022.27
https://doi.org/10.4230/LIPICS.ECOOP.2022.27


20 CHAPTER 1. INTRODUCTION

• [COORD23] José Proença and Luc Edixhoven. ‘Caos: A Reusable Scala
Web Animator of Operational Semantics’. In: Coordination Models and
Languages - 25th IFIP WG 6.1 International Conference, COORDINA-
TION 2023, Held as Part of the 18th International Federated Conference
on Distributed Computing Techniques, DisCoTec 2023, Lisbon, Portugal,
June 19-23, 2023, Proceedings. Ed. by Sung-Shik Jongmans and Antónia
Lopes. Vol. 13908. Lecture Notes in Computer Science. Springer, 2023,
pp. 163–171. doi: 10.1007/978-3-031-35361-1_9

• [iFM23] Luc Edixhoven. ‘Shuffling Posets on Trajectories’. In: iFM 2023
- 18th International Conference, iFM 2023, Leiden, The Netherlands,
November 13-15, 2023, Proceedings. Ed. by Paula Herber and Anton
Wijs. Vol. 14300. Lecture Notes in Computer Science. Springer, 2023,
pp. 384–390. doi: 10.1007/978-3-031-47705-8_21

The conference paper [ECOOP22] presents a way to leverage new functionality
in the Scala programming language to generate compact code for processes
in choreographies. This application of choreographies is briefly discussed in
Chapter 8. The conference paper [COORD23] presents a programming frame-
work in Scala, which is used by the tool described in Chapter 7, aimed at
visualising, animating and analysing the behaviour of abstract models to sup-
port research and teaching endeavours. I was a co-author but not a main
contributor on these two papers. The conference paper [iFM23], of which I am
the only author, presents a (very) first step towards combining the main results
of this thesis: it explores how the shuffle on trajectories operator, shown in
Chapter 3 to be potentially useful in choreography languages, can be applied
to posets, a simpler version of the BP model presented in Chapter 4. This is
briefly discussed in Chapter 8.

https://doi.org/10.1007/978-3-031-35361-1_9
https://doi.org/10.1007/978-3-031-47705-8_21


Chapter 2

Preliminaries

In this chapter we introduce common notation and terminology used throughout
the thesis.

Sets, multisets and numbers

We write N for the set of natural numbers (nonnegative integers), {0, 1, 2, . . .}.
We write N+ for the set of positive integers, {1, 2, . . .}. We write Z for the set
of integers, {. . . ,−1, 0, 1, . . .}. We write ∅ for the empty set. We write P(X)
for the power set of a set X, and X \ Y for set difference. If X is a multiset,
we write e(k) ∈ X to indicate that e occurs in X with multiplicity k ∈ N, and
mult(e,X) to denote the multiplicity of e in X. Note that k may be equal to 0,
in which case e(0) ∈ X means that e is not an element of X. We write |X| for the
cardinality of a set or multiset X. We write ℵ0 for countable infinity, i.e., |N|.

Alphabets, words and languages

Let Σ be a finite set of symbols, or alphabet. We will define precise alphabets in
the relevant chapters. A word over Σ is a finite or infinite sequence of symbols
from Σ. We write ε for the empty word. We write Σ∗ for the set of finite words
over Σ, Σω for the set of (strictly) infinite words over Σ, and Σ∞ for Σ∗ ∪ Σω.

21
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A language L over Σ is a set of words over Σ. A language is a subset of either
Σ∗ or Σω, but we sometimes write L ⊆ Σ∞ as a shorthand to cover both cases.

Concatenation of two words is written v · w, though we often omit the · and
simply write vw. Similarly, we write the concatenation of languages as either
L1 · L2 or simply L1L2. For any concatenation of words vw we assume that
v ∈ Σ∗, and for any concatenation of languages L1L2 we assume that L1 ⊆ Σ∗.

We write w(i) to refer to the symbol at position i in w ∈ Σ∞, with 1 ≤ i ≤ |w|
if w ∈ Σ∗ and i ∈ N+ if w ∈ Σω. We write w(i, j) for the substring of w ∈ Σ∞

beginning at position i and ending at position j (inclusive). For v ∈ Σ∗ and
w ∈ Σ∞, v is a prefix of w, denoted v ⪯ w, if there exists v′ ∈ Σ∞ such that
vv′ = w; v is a strict prefix of w, denoted v ≺ w, if v ⪯ w and v ̸= w. For
w ∈ Σ∞ and σ ∈ Σ, we write |w|, |w|σ ∈ N ∪ {ℵ0} respectively for the length
of w and for the number of occurrences of symbol σ in w.

Regular and ω-regular expressions

We write E and Ω respectively for the sets of all regular and ω-regular expres-
sions (over Σ), as defined in Definitions 2.1 and 2.3, respectively. We use ∅ for
the term representing the empty language. We write L(e) for the language of
an expression e ∈ E ∪ Ω, defined in Definitions 2.2 and 2.4. For e1, e2 ∈ E ∪ Ω,
we write e1 ≡ e2 for L(e1) = L(e2).

Definition 2.1 (regular expressions).

∅ ∈ E ε ∈ E
σ ∈ Σ
σ ∈ E

e1, e2 ∈ E
e1 · e2 ∈ E

e1, e2 ∈ E
e1 + e2 ∈ E

e ∈ E
e∗ ∈ E

Definition 2.2 (language of a regular expression).

L(∅) = ∅ L(e1 · e2) = L(e1) · L(e2)
L(ε) = {ε} L(e1 + e2) = L(e1) ∪ L(e2)
L(σ) = {σ} L(e∗) = {w1 . . . wn | n ∈ N,∀i ∈ [1, n] : wi ∈ L(e)}
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Definition 2.3 (ω-regular expressions).

∅ ∈ Ω
e ∈ E ε /∈ L(e)

eω ∈ Ω
e1 ∈ E e2 ∈ Ω
e1 · e2 ∈ Ω

e1, e2 ∈ Ω
e1 + e2 ∈ Ω

Definition 2.4 (language of an ω-regular expression).

L(∅) = ∅ L(eω) = {w1w2 . . . | ∀i ∈ N+ : wi ∈ L(e)}
L(e1 · e2) = L(e1) · L(e2) L(e1 + e2) = L(e1) ∪ L(e2)

Automata

Unless otherwise specified, we write “finite automaton” to refer to a nondetermin-
istic finite automaton with empty (i.e., ε-labelled) transitions, as defined in
Definition 2.5.

Definition 2.5 (finite automaton). A finite automaton is a five-tuple
(Q,Σ, δ, q0, F ), where Q is a finite set of states, Σ is an alphabet, δ ⊆
Q × (Σ ∪ {ε}) × Q is a transition relation, q0 ∈ Q is an initial state, and
F ⊆ Q is a set of final states.

If (p, σ, q) ∈ δ, we also write p
σ−→ q. Similarly, we write p

w−→∗ q if w =
σ1σ2 . . . σn and p

σ1−→ p′
σ2−→ . . .

σn−−→ q. If q0
w−→∗ q, then we also refer to the

sequence of states visited as a run of the automaton; if q ∈ F , then we say that
it is an accepting run. We sometimes write p ̸ σ−→ q if (p, σ, q) /∈ δ, and p ̸ σ−→ if
there exists no q such that (p, σ, q) ∈ δ.

ω-Automata are automata accepting languages of infinite words. As with
finite automata, there are multiple classes of ω-automata. Unless otherwise
specified, we will use nondeterministic Muller automata [Mul63], as defined in
Definition 2.6. In the remainder of this thesis we will omit ‘nondeterministic’
and simply write Muller automaton. A Muller automaton differs from a finite
automaton, as defined above, only in its acceptance criterion: instead of a set
of final states, a Muller automaton has a set of sets of states F , and it accepts
exactly those runs in which the set of states that are visited infinitely often is
a member of F .
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Definition 2.6 (Muller automaton). A Muller automaton is a five-tuple
(Q,Σ, δ, q0, F ), whereQ, Σ, δ and q0 are as for finite automata, and F ⊆ P(Q)
is a set of accepting sets of states.

The language of a finite or Muller automaton consists of all words over its
alphabet that have at least one accepting run. Note that these words are always
finite for finite automata and infinite for Muller automata. Finite automata
characterise regular languages, while Muller automata characterise ω-regular
languages [McN66].

As for regular and ω-regular expressions, we write L(M) for the language
of an automaton or ω-automaton M , and we write M1 ≡ M2 for L(M1) =
L(M2). Furthermore, we overload the notation to also compare expressions and
automata, e.g., we write e ≡M for L(e) = L(M).

Labelled transition systems and bisimulation

We use labelled transition systems (LTSs) to define the semantics of branching
pomsets in Chapter 4 and of the choreography language presented in Chapter 5.
For the purpose of this thesis, LTSs only differ from finite automata as defined in
Definition 2.5 in that their set of states Q may be infinitely large. Furthermore,
we write p↓ to denote that a transition system may terminate in state p, rather
than writing p ∈ F .

Typically, we will compare LTSs using bisimulation equivalence [Mil80]. Spe-
cifically, since we do not model empty transitions, we use strong bisimulation.
Two LTSs are language equivalent (or trace equivalent) if their languages are
the same, i.e., if they accept the same set of words (or traces), regardless of
the way these words are obtained. On the other hand, two LTSs are bisimilar
if their internal branching behaviour is also the same. This is a stronger notion
of equivalence than language equivalence: if two LTSs are bisimilar then they
are also language equivalent, but the inverse is not necessarily true. Formally,
two transition LTSs A1, A2 are bisimilar, written A1 ∼ A2, if there exists a
bisimulation relation R between the states of A1 and A2 which relates their
initial states. The relation R is a bisimulation relation if, for every pair of
states (p, q) ∈ R:

• If p σ−→ p′ then q σ−→ q′ and (p′, q′) ∈ R for some q′, and vice-versa.

• If p↓ then q↓, and vice-versa.
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In other words: if one of the two can perform a step, then the other can perform
a matching step such that the resulting states are again related. While the
two LTSs may not be identical, they are behaviourally indistinguishable to an
external observer.

Posets and pomsets

A partial order is a reflexive, antisymmetric and transitive relation, typically
written ≤. A partially ordered set (X,≤), or poset for short, is a set X endowed
with a partial order ≤ on its elements. A labelled poset (X,≤, λ), or lposet for
short, is a poset with the addition of a labelling function λ from its elements to
a set of labels. Note that, while the elements of the set must be unique, this is
not required of their labels. Two lposets are isomorphic if one can be obtained
from the other by renaming its elements and preserving the partial order and
labelling function accordingly. A partially ordered multiset, or pomset for short,
is an isomorphism class of lposets [Pra86]. Pomsets can thus be used instead
of lposets to abstract away from the names of their elements. When drawing
pomsets and branching pomsets, such as in Figures 1.9 and 1.10, respectively,
we draw the labels instead of the elements themselves.





Chapter 3

Expressive choreography languages

This chapter is based on our DLT 2021 paper [DLT21] and its extended journal
version [IJFCS23]. It answers Question 1. As in the original papers, most proofs
have been omitted in favour of proof sketches or highlights. Two new proofs,
for Theorems 3.2 and 3.15, can be found in Appendix A. Other omitted proofs
can be found in the technical report of our DLT 2021 paper [DLT21 TR].

3.1 Introduction

In this chapter we study the expressiveness of choreographies from a formal
languages perspective. Choreographies are reminiscent of the Dyck language, or
the language of balanced parentheses, in formal language theory. Dyck words,
i.e., the words in the Dyck language, consist of a number of opening and closing
parentheses10, in such a way that (1) there are equally many opening and
closing parentheses, and (2) when reading the word from left to right, one
must always have seen at least as many opening as closing parentheses. This is
visualised for the Dyck word [[]][[[]][]] in Figure 3.1, where the vertical
axis shows the number of unmatched opening parentheses up to that point.
Note that (1) the plot (starts and) ends on 0, and (2) it never drops below 0.

Analogously, when observing the passing of messages between two processes
10Note that we use square brackets [] throughout the chapter for typographical reasons,

but we consistently refer to these as parentheses.
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0

1

2

3

[ [ ] ] [ [ [ ] ] [ ] ]

Figure 3.1: Visualisation of the Dyck word [[]][[[]][]], with the vertical
axis showing the number of unmatched opening parentheses up to that point.

on a communication channel, (1) there should be equally many send and
receive events of messages on the channel, and (2) when observing the events
chronologically, one must always have seen at least as many send as receive
events, i.e., messages must be sent before they are received. Therefore, in a
sense, the allowed sequences of events on communication channels can be said
to be Dyck words. Generalising communications to multiple channels is thus
analogous to generalising the Dyck language to multiple types of parentheses.

We briefly discuss a number of existing generalisations. The typical gener-
alisation of the Dyck language to multiple types of parentheses, Parenn, is
central in characterising the class of context-free languages, as shown by the
Chomsky-Schützenberger theorem [CS59]. Many other generalisations have
been studied over the years. The unrestricted Dyck language requires only that
the number of left parentheses equals the number of right parentheses, with no
restriction on their ordering. Prodinger [Pro79] generalises this unrestricted
Dyck language by considering factorisations with arbitrary words instead of
with single parentheses. Labelle and Yeh [LY90] allow a larger alphabet where
every alphabet symbol is associated with some rational number. A word is then
balanced if the value of its letters sums to 0 and if it has no prefix with a neg-
ative value. The Dyck language is then the special case with a binary alphabet,
where the opening parenthesis has value 1 and the closing parenthesis value −1.
This generalisation is further studied by Duchon [Duc00]. Moortgat [Moo14]
also considers a larger alphabet, in which the symbols are ordered (σ1, σ2, . . .).
A word is balanced if every prefix of it contains symbol σi at least as many
times as symbol σi+1. Finally, Liebehenschel [Lie03] considers a generalisation
with multiple types of parentheses where the parentheses are not paired by
type but by some similarity relation. Depending on this relation some type of
left parenthesis may match multiple types of right parentheses and vice-versa.
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However, none of these generalisations capture the properties of choreographies;
they all allow either too little or too much. We thus consider our own general-
isation with multiple types of parentheses. The parentheses are paired by type
and for each type a balanced word must contain the same number of opening
and closing parentheses, with no prefix containing more closing than opening
parentheses (of that type). The difference with Parenn is that, while Parenn
requires parentheses of different types to be properly nested, we impose no such
restriction: parentheses of different types may freely commute. For example,
Parenn allows [1[2]2]1 but rejects [1[2]1]2; we consider both to be balanced.
This notion of balancedness corresponds with the idea that, when you associate
each type of parenthesis with a different communication channel, the events
on each channel are neatly ordered but there is no ordering between channels.
Balancedness then characterises precisely all sequences of communication with
no lost or orphan messages. In turn, languages consisting only of balanced
words, which we call balanced languages, correspond to choreographies.

We can thus study the expressiveness of choreography languages by studying
balanced languages. Specifically, we are then interested in specifying languages
that are balanced by construction. More precisely, we aim to answer the question:
can we define balanced atoms and a set of balancedness-preserving operators
with which one can express all balanced languages?

We answer this question posivitely for the classes of regular and ω-regular
languages. In Section 3.2 we show how balancedness of regular languages
corresponds to syntactic properties of finite automata and regular expressions.
In Section 3.3 we show that, by using a parameterised shuffle operator, we
can define an infinite grammar of balanced-by-construction expressions with
which one can express all balanced regular languages. In Section 3.4 we extend
balancedness to ω-regular languages and syntactic properties of ω-automata
and ω-regular expressions. In Section 3.5 we define a grammar for balanced
ω-regular languages. We end the chapter in Section 3.6 with concluding remarks
and a brief discussion on future work.

Notation

Throughout this chapter, let Σn be the alphabet {[1, ]1, . . . , [n, ]n}. Its size is
typically either clear from the context or irrelevant; in both cases we omit the
subscript and simply write Σ.
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3.2 Balanced regular languages

In this section, we formally define our notion of balancedness and characterize
balanced regular languages in terms of finite automata and regular expressions.

Balancedness

A word w ∈ Σ∗ is i-balanced if |w|[i = |w|]i and if, for all prefixes v of w,
|v|[i ≥ |v|]i . It is balanced if it is i-balanced for all i. We extend this terminology
to languages, automata and expressions in the expected way: a language is
(i-)balanced if all of its words are; an automaton or expression is (i-)balanced
if its language is.

Example 3.1. Figure 3.2 shows examples of balanced and unbalanced
languages. The finite automata and regular expressions in the figure can be
ignored for now; we discuss them shortly.

The languages in Figures 3.2b, 3.2d and 3.2e are balanced because, informally,
in every word of those languages, every ]i is preceded by a corresponding [i
for every i ∈ {1, 2, 3}. In contrast, the language in Figure 3.2a is unbalanced
because each of its words w violates requirement |w|[1 = |w|]1 , while the
language in Figure 3.2c is unbalanced because word ]1[1 violates requirement
|v|[1 ≥ |v|]1 for prefix v = ]1.

Finite automata

For a (nondeterministic) finite automaton to be balanced, all words leading to
a final state must be balanced: for every i, they must contain equally many
opening and closing i-parentheses and the number of closing i-parentheses may
never exceed the number of opening i-parentheses in any prefix. It follows that,
for any state with a ]i-transition to a final state, all words leading to this
state must contain exactly one unmatched opening i-parenthesis — along with
the previous condition on prefixes. Following this line of thought, a similar
condition must hold for every state in the automaton: for every state and for
every i, there must exist some n ∈ N such that |w|[i − |w|]i = n for every
word w leading to that state. We will call this n a state’s i-balance (i.e., the
number of unmatched opening i-parentheses), denoted ∇(q, i) for a state q.
Additionally, the i-balances of the automaton’s states must be consistent with
its transitions: if ∇(p, 1) = 1 and p [1−→ q then ∇(q, 1) = 2 and ∇(q, i) = ∇(p, i)
for all i ̸= 1.



3.2. BALANCED REGULAR LANGUAGES 31

Language: {[1]1[1[1]1, [1]1[1, ]1[1[1[1]1, ]1[1[1}

Finite automaton:
[ 1

]1

]1

[ 1

[1 [1 ]1 no certificate

Regular expression: e = ([1]1 + ]1[1)[1([1]1 + ε) ∇(e, 1) = 1 ∇min(e, 1) = −1

(a) Unbalanced.
Language: {[1[2]1[3]3]2}

Finite automaton: q r s t u v w
[1 [2 ]1 [3 ]3 ]2

∇(q, 1) = 0
∇(q, 2) = 0
∇(q, 3) = 0

∇(r, 1) = 1
∇(r, 2) = 0
∇(r, 3) = 0

∇(s, 1) = 1
∇(s, 2) = 1
∇(s, 3) = 0

∇(t, 1) = 0
∇(t, 2) = 1
∇(t, 3) = 0

· · ·

Regular expression: e = [1[2]1[3]3]2

∇(e, 1) = ∇(e, 2) = ∇(e, 3) = 0
∇min(e, 1) = ∇min(e, 2) = ∇min(e, 3) = 0

(b) Balanced.

Language: {[1]1, ]1[1}

Finite automaton:
[ 1

]1

]1

[ 1

no certificate

Regular expression: e = [1]1 + ]1[1

∇(e, 1) = 0
∇min(e, 1) = −1

(c) Unbalanced.

Language:
{[1[2]1]2, [1[2]1]2[1[2]1]2, . . .}

Finite automaton: q

r

t

s

[ 1 [2

] 1]2

∇(q, 1) = ∇(t, 1) = 0
∇(r, 1) = ∇(s, 1) = 1
∇(q, 2) = ∇(r, 2) = 0
∇(s, 2) = ∇(t, 2) = 1

Regular expression: e = ([1[2]1]2)∗

∇(e, 1) = ∇(e, 2) = 0
∇min(e, 1) = ∇min(e, 2) = 0

(d) Balanced.
Language: {[1[1]1]1, [1]1[1]1, [1[1]1]1[1]1, [1]1[1]1[1]1, . . .}

Finite automaton: q r

s

t

u v
[1

[ 1

]1

]1

[ 1

]1

[1

∇(q, 1) = ∇(t, 1) = ∇(v, 1) = 0
∇(r, 1) = ∇(u, 1) = 1

∇(s, 1) = 2

Regular expression: e = [1([1]1 + ]1[1)(]1[1)∗]1 ∇(e, 1) = 0 ∇min(e, 1) = 0

(e) Balanced.

Figure 3.2: Examples of (un)balancedness.
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Formally, we prove Theorem 3.2.

Remark. The conditions above technically do not need to hold for unreachable
or dead states, i.e., states unreachable from the initial state or states from
which no final state can be reached. Since any such states can be ignored for
the purpose of i-balances, we assume in the following that finite automata do
not contain unreachable or dead states — unless an automaton’s language is
empty, in which case we assume that it has exactly one state and no transitions.

Theorem 3.2. Let M = (Q,Σ, δ, q0, F ) be a finite automaton. Then M is
balanced iff there exists a certificate ∇ : Q× N+ → Z such that, for all i:

• ∇(q, i) ≥ 0 for all q ∈ Q;

• ∇(q, i) = 0 for q = q0 and for all q ∈ F ; and

• if (p, σ, q) ∈ δ then ∇(q, i) = ∇(p, i) + ∇(σ, i), where ∇(σ, i) = 1 if
σ = [i, ∇(σ, i) = −1 if σ = ]i and ∇(σ, i) = 0 otherwise.

Proof sketch. We prove the two directions separately. Given a certificate for
M , we construct an equivalent regular expression and then use Theorem 3.7
to show that the regular expression is balanced. Then, since they represent
the same language, so is M . In the other direction, we construct a certificate
for M and show that the construction can only fail if M is unbalanced. The
full proof can be found in Appendix A.

Example 3.3. Figure 3.2 shows examples of balanced and unbalanced finite
automata. The regular expressions in the figure can be ignored for now; we
discuss them shortly.

For the automata in Figures 3.2b, 3.2d and 3.2e, a certificate exists, so
they are balanced. In contrast, for the automata in Figures 3.2a and 3.2c, a
certificate does not exist because it is impossible to assign a non-negative
number to the bottom state of the diamond.

Regular expressions

We can apply the same notion of i-balance to regular expressions: to every
i-balanced regular expression e, we assign a value ∇(e, i), which we show to
correspond to the number n of unmatched opening i-parentheses in every word
in its language. In general, for an arbitrary regular expression (e.g., ε + [i
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[ i
]
i [ i

[ i
]
i

]
i [ i

−1

0

1

2

i-balance: 1

minimum i-balance: −1

Figure 3.3: The i-balance and minimum i-balance of ([i]i + ]i[i)[i([i]i + ε).
The i-balance points at the final height of the four words in the expression’s
language, which is the same in every case. The minimum i-balance points at
the lowest height encountered by any word at any point.

and [∗i ), n does not necessarily exist. In such cases we leave ∇(e, i) undefined.
Shortly, we show that ∇(e, i) is defined for all e for which n exists.

Besides keeping track of the number of unmatched opening i-parentheses,
additionally, we need to differentiate between, for example, [i]i and ]i[i. They
have the same i-balance but the former is balanced while the latter is not. To
do this we assign a second value which we call the minimum i-balance, denoted
∇min(e, i), which we show to correspond to the smallest i-balance among every
prefix of every word in its language. Both are illustrated with a simple example
in Figure 3.3. An expression is balanced if its i-balance and minimum i-balance
equal 0 for every i. Note that, since ε is a prefix of every word and its i-balance
is 0, the minimum i-balance can never be greater than 0.

Example 3.4. Figure 3.2 shows examples of balanced and unbalanced
regular expressions, including their balances and minimum balances.

Formally, we define partial functions ∇,∇min : E× N+ ⇀ Z as in Figure 3.4.
We show in Lemma 3.5 that ∇ and ∇min have the intended properties we
described, and in Lemma 3.6 that they are defined when they should be.

As stated before, these functions are partial. In particular, ∇(e1 + e2, i) is
defined only if ∇(e1, i) = ∇(e2, i), while ∇(e∗, i) is defined only if ∇(e, i) = 0.
The definition of ∇min(e1 · e2, i) relies on ∇ and may thus be undefined as
well. The empty language ∅ is a special case: we choose to leave ∇(∅, i) and
∇min(∅, i) undefined. Using standard algebraic rules, we can rewrite any regular
expression representing a non-empty language into an equivalent expression
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∇([j , i) =
{

1 if i = j

0 if i ̸= j

∇(]j , i) =
{
−1 if i = j

0 if i ̸= j

∇(ε, i) = 0
∇(e1 · e2, i) = ∇(e1, i) + ∇(e2, i)
∇(e1 + e2, i) = ∇(e1, i) if ∇(e1, i) = ∇(e2, i)
∇(e∗, i) = 0 if ∇(e, i) = 0

(a) i-balance.
∇min([j , i) = 0

∇min(]j , i) =
{
−1 if i = j

0 if i ̸= j

∇min(ε, i) = 0
∇min(e1 · e2, i) = min(∇min(e1, i),∇(e1, i) + ∇min(e2, i))
∇min(e1 + e2, i) = min(∇min(e1, i),∇min(e2, i))
∇min(e∗, i) = ∇min(e, i)

(b) Minimum i-balance.

Figure 3.4: The i-balance and minimum i-balance of regular expressions.

that does not contain ∅. To avoid overcomplicating our definitions and proofs,
we assume for any regular expression e that e does not contain ∅, unless e = ∅.

Lemma 3.5. Let e ∈ E. If ∇(e, i) and ∇min(e, i) are defined, then:

(i) |w|[i − |w|]i = ∇(e, i) for every w ∈ L(e);

(ii) |v|[i − |v|]i ≥ ∇min(e, i) for every prefix v of every w ∈ L(e); and

(iii) |v|[i − |v|]i = ∇min(e, i) for some prefix v of some w ∈ L(e).

Lemma 3.6. Let e ∈ E. If |v|[i − |v|]i = |w|[i − |w|]i for every v, w ∈ L(e)
and L(e) ̸= ∅, then ∇(e, i) and ∇min(e, i) are defined.

The proofs are straightforward by structural induction on e. Applying Lem-
mas 3.5 and 3.6 gives us the characterisation in Theorem 3.7.
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e ::= ∅ | ε | [1 · ]1 | [2 · ]2 | . . . | e1 + e2 | e1 · e2 | e∗

| �1
θ (e1) | �2

θ (e1, e2) | . . .
θ ::= ∅ | ε | 1 | 2 | . . . | θ1 + θ2 | θ1 · θ1 | θ∗

Figure 3.5: A grammar E� for expressing balanced regular languages.

Theorem 3.7. Let e ∈ E. e is balanced iff e = ∅ or ∇(e, i) = ∇min(e, i) = 0,
for every i.

3.3 Balanced-by-construction regular languages

The main contribution of this section is a grammar of balanced-by-construction
expressions, E� in Figure 3.5. We show that it can express all and only all
balanced regular languages. It uses regular expressions as a basis and differs in
two ways:

• Parentheses can syntactically occur only in ordered pairs instead of
separately, so the atoms are all balanced.

• We add a family of operators �n
θ (e1, . . . , en), called shuffle on trajectories,

in order to interleave words of subexpressions.

The shuffle on trajectories operator is a powerful variation of the traditional
shuffle operator, which adds a control trajectory (or a set thereof) to restrict
the permitted orders of interleaving. This allows for fine-grained control over
orderings when shuffling words or languages. The binary operator was defined
— and its properties thoroughly studied — by Mateescu et al. [MRS98]; we use
the multiary variant, which was introduced slightly later [MSY00].

When defined on words, the shuffle on trajectories takes n words and a trajectory,
which is a word over the alphabet {1, . . . , n}. This trajectory specifies the
exact order of interleaving of the shuffled words: in Figure 3.6 the trajectory
1221112112 specifies that the result should first take a symbol from the first
word, then from the second, then again from the second and so on.

Formally, let w1, . . . , wn ∈ Σ∗ and let t ∈ {1, . . . , n}∗. Then:

�
n
t (w1, . . . , wn) =

{
σ�n

t′ (w1, . . . , w
′
i, . . . , wn) if t = it′ ∧ wi = σw′

i,

ε if t = w1 = . . . = wn = ε.
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1

2

b a n a n a

p

e

a

r

Figure 3.6: The shuffle of ‘banana’ and ‘pear’ over a trajectory 1221112112:
‘bpeanaanar’.

We note that �n
t (w1, . . . , wn) is only defined if the number of occurrences

of i in t precisely matches the length of wi, i.e., if |t|i = |wi|, for every i. If
|t|i = |wi|, we say that t fits wi.

Example 3.8.

• �121332([1]1, [2]2, [3]3) = [1[2]1[3]3]2 since 121332 fits every word.

• �2
121([1]1, [2]2) is undefined since 121 does not fit [2]2.

The shuffle on trajectories operator naturally generalises to languages and
expressions: the shuffle of a number of languages on a set (i.e., language) of
trajectories is defined as the set of all valid shuffles of words in the languages
— valid meaning that the trajectory fits all the words, and thus that the
result is defined. The language of a shuffle of expressions is the shuffle of the
corresponding languages. Formally:

�
n
T (L1, . . . , Ln) = {�n

t (w1, . . . , wn) | t ∈ T,w1 ∈ L1, . . . , wn ∈ Ln}.
L(�n

θ (e1, . . . , en)) = �n
L(θ)(L(e1), . . . , L(en)).

Example 3.9.

• �2
12+21([1 + [2]2, ]1) ≡ [1]1 + ]1[1. Note that [2]2 in the first

operand is never used since no trajectory fits it.
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• �2
12+22([1, ]1) ≡ [1]1. Note that the trajectory 22 is never used since

it does not fit a word in either operand.

• �2
(12)∗(([1]1)∗, ([2]2)∗) ≡ ([1[2]1]2)∗.

• �2
12+11([1, ε) ≡ ∅ since neither trajectory fits words in both operands

simultaneously.

• �2
(12)∗([1]1, [2(]2[2)∗) ≡ ∅ since no trajectory fits words in both

operands simultaneously (due to a parity issue).

We say that a set of trajectories T fits Li if every t ∈ T fits some wi ∈ Li
and that θ fits ei if L(θ) fits L(ei). We note that the grammar E� allows any
regular set of trajectories.

As the operator’s arity is clear from its operands, we will omit it from now on.

In the remainder of this section, we show that the grammar E� can express
only (soundness) and all (completeness) balanced regular languages.

Soundness

Showing that every expression in E� represents a balanced regular language is
straightforward. The base cases all comply and both balanced and regular lan-
guages are closed under choice, concatenation and finite repetition. The shuffle
on trajectories operator yields an interleaving of its operands: a simple inductive
proof will show closure of balanced languages under the operation. Mateescu
et al. show that regular languages are closed under binary shuffle on regular
trajectory languages by constructing an equivalent finite automaton [MRS98];
their construction can be generalised in a straightforward way to fit the multiary
operator, which shows:

Theorem 3.10 (Soundness).

{L(e) | e ∈ E�} ⊆ {L | L is a balanced and regular language}.

Completeness

To show that E� can express any balanced regular language, we take an arbit-
rary balanced regular expression e and show that there exists an equivalent
expression in E�. We cannot use a simple inductive proof, as not every subex-
pression of a balanced regular expression is necessarily balanced; [i and ]i are
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k
i = ([i]i)k([i]i)∗ ε k

i = ( k
i )∗ ω

i = ([i]i)ω

+ k
i = k

i [i − k
i = ]i k

i ± k
i = ]i k

i [i ⋆ ki = ( ± k
i )∗ ± ω

i = (]i[i)ω

Figure 3.7: Factors, with i ∈ N+ and k ∈ N. The factors in the top row are
balanced, those in the bottom row are not. We omit the superscript when it is
not relevant. The ω-factors will be used in Section 3.5.

k
i → ε k

i → ω
i →

+ k
i → − k

i → ± k
i → ⋆ ki → ± ω

i →

Figure 3.8: Factors as jigsaw pieces. A trailing opening parenthesis is visualised
with a tab on the right side. A preceding closing parenthesis is visualised with a
blank on the left side. Possible emptiness (in the case of repetition) is visualised
by shading the piece. Infinite repetition is visualised by not finishing the piece
on the right side.

the most obvious offenders. Instead, we show the more general result that, in
fact, any regular expression whose every (minimum) i-balance is defined (but
does not necessarily equal 0) can be written as the shuffle of a particular set
of expressions, i.e., those in Figure 3.7, which we call factors. Some of these
factors are balanced and some are not; we show that the number of unbalanced
factors can be limited by the expression’s i-balance and minimum i-balance.
In other words: if e is balanced then the resulting shuffle expression only uses
balanced factors and is thus in E�.

To simplify matters, we consider only regular expressions that do not contain the
operator ‘+’. After all, we can rewrite any regular expression into a disjunctive
normal form e1 + . . .+ en such that all ei contain no ‘+’; since E� contains
‘+’, as long as we can express any ei, we can also express e. We thus do
not have to consider ‘+’ in our proofs. Additionally, we consider only regular
expressions that do not contain the term ‘∅’. Again, we can rewrite any
regular expression representing a nonempty language into an equivalent one
that does not contain ‘∅’, without introducing any ‘+’. Since E� contains ‘∅’,
all expressions representing the empty language are trivially covered and can
thus be ignored.

For the remaining expressions we construct an equivalent expression �θ(e1, . . . ,
en), in such a way that the ei are among the factors in Figure 3.7a and that the
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( + k
i , − ℓ

i) → k+ℓ+1
i ( − k

i , + ℓ
i) → ± k+ℓ

i

( + k
i , ± ℓ

i) → + k+ℓ+1
i ( ± k

i , − ℓ
i) → − k+ℓ+1

i

( + k
i , ⋆ ℓi) → + k

i ( ⋆ ki , − ℓ
i) → − ℓ

i ( ± k
i , ± ℓ

i) → ± k+ℓ+1
i

( ± k
i , ⋆ ℓi) → ± k

i ( ⋆ ℓi , ± k
i ) → ± k

i ( ⋆ ki , ⋆ ℓi) → ⋆
min(k,ℓ)
i

( + k
i , ± ω

i ) → ω
i ( ± k

i , ± ω
i ) → ± ω

i ( ⋆ ki , ± ω
i ) → ± ω

i

Figure 3.9: Merging common pairs of factors, with i ∈ N+ and k, ℓ ∈ N.

→ →

→ →

→ → →

→ → →

→ → →

Figure 3.10: Merging pairs of factors as jigsaw pieces.

number of unbalanced factors depends on the original expression’s (minimum)
i-balances in a way that minimises it. We will use jigsaw pieces as a visual
representation of the factors, where trailing opening parentheses and preceding
closing parentheses are visualised with tabs and blanks, to make the construction
and its proof more tangible. These are pictured in Figure 3.8.

Specifically, the jigsaw pieces help to understand a crucial step in our con-
struction: we show that, under certain conditions, we can merge two operands
of a shuffle, i.e., �T (L1, . . . , Ln−1, Ln) = �T ′(L1, . . . , Ln−1Ln) for some T ′.
The formal details can be found in Lemma 3.11, where we define T ′ using
morphisms, similarly to previous work [MRS98; Dom04]. In particular, we
later use this lemma to merge the pairs of factors in Figure 3.9. In terms of
jigsaw pieces, this merging operation may be thought of as fitting two pieces
together; the aforementioned pairs of factors are shown using jigsaw pieces
in Figure 3.10. In this visualisation, two factors can be merged if their pieces
fit nicely together; typically, this consists of fitting a tab with a blank, which
corresponds to matching a trailing opening parenthesis with a preceding closing
one. The resulting pieces have the expected shape and are shaded only if both
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original pieces were. The second pair of pieces in the top row of Figure 3.10 is
a special case: these two are put back-to-back. There are more pieces that can
be nicely put back-to-back: for example, → . However, since these
other pairs are unnecessary for our later proof — unlike the ones in Figure 3.10
— they are omitted.

Lemma 3.11 (Merge). Let L = �T (L1, . . . , Ln). If

(a) T fits every Li,

(b) for every t ∈ T , if t(i) = n− 1 and t(j) = n then i < j, and

(c) for all v, w ∈ Ln−1Ln, if |v| = |w| then v = w,

then L = �T ′(L1, . . . , Ln−1Ln) for some T ′ such that T ′ fits L1, . . . , Ln−1Ln.

Proof. Let ψ be a homomorphism such that ψ(n) = n− 1 and ψ(i) = i for
all other i. We proceed to show that L = �ψ(T )(L1, . . . , Ln−1Ln). Since T
fits every Li, ψ(T ) also fits L1, . . . , Ln−1Ln.

Note that we can reorder the operands of a shuffle as long as we also update
the trajectories accordingly. Consequently, Lemma 3.11 essentially allows us to
merge any two operands as long as the (transformed) conditions apply. We will
generally use it as such.

Equipped with this merging lemma, we proceed with the construction. Recall
that the result should be a single shuffle of factors, i.e., �θ(e1, . . . , en) for
some factors e1, . . . , en, with a minimal number of unbalanced factors. The
construction is by structural induction. The base cases are straightforward: for
ε, [i and ]i we can use respectively �ε( 0

i ), �1( + 0
i ) and �1( − 0

i ). In jigsaw
pieces these are , and . Since we can ignore both ‘∅’ and ‘+’, we are
left with just two inductive cases: ‘·’ (concatenation) and ‘∗’ (finite repetition).

• For concatenation, we use that�T1(L1, . . . , Ln)·�T2(Ln+1, . . . , Ln+m) =
�T3(L1, . . . , Ln+m) for some T3. Having combined the two into a single
shuffle, we then apply Lemma 3.11 as needed to merge suitable pairs of
factors to minimise the number of unbalanced factors. This is illustrated
using jigsaw pieces in Figure 3.11. To understand the figure, suppose that
we start with two expressions: the first with balance 1 and minimum
balance −2 — for the sake of simplicity, there is only one type of par-
entheses — and the second with balance 0 and minimum balance −2.
In the figure, these two expressions are represented on the top row as
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·

Figure 3.11: The concatenation (and merging)
of two shuffles of factors as groups of jigsaw
pieces.

Figure 3.12: The finite repeti-
tion of a shuffle of factors as
a group of jigsaw pieces.

two groups of jigsaw pieces; the number of blanks equals the minimum
balance of the corresponding expression, while the number of tabs minus
the number of blanks equals its balance. The first step is to combine the
two groups into one. The other step is then to fit pairs of pieces from the
first and the second group. Recall from Figure 3.4 that the balance of
the resulting expression is 1 and its minimum balance is −2; indeed, the
resulting group of pieces contains three tabs and two blanks. In other
words, the resulting group of factors is minimal.

• For finite repetition, we show that, under our assumed conditions, (�T (L1,
. . . , Ln))∗ = �T∗(L∗

1, . . . , L
∗
n). In jigsaw pieces, this simply means shading

every non-shaded piece, as illustrated in Figure 3.12 — note that (e∗)∗ ≡
e∗. The ‘∗’ operator, visualised as an extra shaded container, does not
change an expression’s balance or minimum balance, and since the number
of tabs and blanks does not change either, the resulting group of factors
remains minimal.

This construction and its proof are formalised in Lemma 3.12.

Lemma 3.12 (Rewrite). Let posi(e1, . . . , en), negi(e1, . . . , en), neuti(e1, . . . ,
en) be the number of + i, − i and [ ± i or ⋆

i] among e1, . . . , en.

Let e ∈ E such that e contains no ‘+’ and that its (minimum) i-balance
is defined for every i. Then there exist θ and factors e1, . . . , en such that
e ≡ �θ(e1, . . . , en) and, additionally,
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(a) posi(e1, . . . , en) − negi(e1, . . . , en) = ∇(e, i) for every i,

(b) −negi(e1, . . . , en) − neuti(e1, . . . , en) = ∇min(e, i) for every i,

(c) there are not both + i and − i among e1, . . . , en for some i, and

(d) θ fits every ei.

Proof. This is a proof by induction on the structure of e.

The base cases ε, [i and ]i are covered by �1
ε( 0

i ), �1
1( + 0

i ) and �1
1( − 0

i ).
Since e contains no ‘+’, this leaves us with two inductive cases:

• Let e = ê∗. The induction hypothesis gives us ê1, . . . , ên and θ̂ satisfy-
ing all conditions for ê. It should be clear that L((�θ̂(ê1, . . . , ên))∗) ⊆
L((�θ̂(ê∗1, . . . , ê∗n))∗) ⊆ L(�θ̂∗(ê∗1, . . . , ê∗n)). Since ∇(e, i) is defined
for all i, ∇(ê, i) = 0 for all i. It then follows from (a) and (c) that
ê1, . . . , ên contain no + i or − i, so all ê∗i are also factors.

To prove inclusion in the other direction, we show in two steps that
L(�θ̂∗(ê∗1, . . . , ê∗n)) ⊆ L((�θ̂(ê∗1, . . . , ê∗n))∗) ⊆ L((�θ̂(ê1, . . . , ên))∗).

The balances, minimum balances and factor counts are unchanged, so
(a–c) are satisfied. Finally, since θ̂ fits every êi, θ̂∗ fits every ê∗i , so (d)
also holds.

• Let e = ê1 · ê2. The induction hypothesis gives us some e1,1, . . . , e1,n1

and θ1 satisfying all conditions for ê1, and similarly for ê2. Let φ be a
homomorphism such that φ(i) = i+ n1. Then e′ = �θ1φ(θ2)(e1,1, . . . ,
e1,n1 , e2,1, . . . , e2,n2) ≡ e and e′ satisfies (d), but not necessarily (a–c).
We resolve the latter by merging operands e1,j , e2,k where applicable
with Lemma 3.11.

We merge pairs of factors from Figure 3.9, taking care to prioritise
pairs containing both + i and − i over pairs containing only one of
these, and pairs containing only one over pairs containing none. The
first precondition of Lemma 3.11 is assumed by induction; the second
holds since we always take the first factor from e1 and the second
from e2; the third holds for all pairs in Figure 3.9. By Lemma 3.11,
the resulting expression is equivalent to e′ and satisfies (d). It also
satisfies (a–c).

Since a balanced regular expression has an i-balance and minimum i-balance
of 0 for every i (Theorem 3.7), Lemma 3.12 gives us Theorem 3.13.
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· ·
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·

Figure 3.13: Construction of Example 3.14 as groups of jigsaw pieces.

Theorem 3.13 (Completeness).

{L(e) | e ∈ E�} ⊇ {L | L is a balanced and regular language}.

Example 3.14. Consider e = [1([1]1 + ]1[1)(]1[1)∗]1 (Figure 3.2e). We
first rewrite e as [1[1]1(]1[1)∗]1 + [1]1[1(]1[1)∗]1. We proceed to show
how to construct an expression in E� for the first part of the disjunction:
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Figure 3.14: From left to right: w1 = ([i]i)ω, w2 = ([i[i]i)ω and w3 =
[i([i]i)ω.

[1[1]1(]1[1)∗]1 ≡ �1( + 0
1)�1 ( + 0

1)�1 ( − 0
1)(�1( − 0

1)�1 ( + 0
1))∗ �1 ( − 0

1)
≡ �12( + 0

1, + 0
1)�1 ( − 0

1)(�1( − 0
1)�1 ( + 0

1))∗ �1 ( − 0
1)

≡ �121( 1
1, + 0

1)(�1( − 0
1)�1 ( + 0

1))∗ �1 ( − 0
1)

≡ �121( 1
1, + 0

1)(�11( ± 0
1))∗ �1 ( − 0

1)
≡ �121( 1

1, + 0
1)�(11)∗ ( ⋆ 0

1)�1 ( − 0
1)

≡ �121(22)∗( 1
1, + 0

1)�1 ( − 0
1)

≡ �121(22)∗2( 1
1,

1
1).

Figure 3.13 illustrates this construction using groups of jigsaw pieces, line
by line.

3.4 Balanced ω-regular languages

ω-Languages are languages of infinite words. To define balancedness of infinite
words and languages, consider the three words in Figure 3.14.

In all three cases, the number of opening parentheses equals the number of
closing parentheses (since 2 × ℵ0 = ℵ0 and ℵ0 + 1 = ℵ0) and every (finite)
prefix has at least as many opening as closing parentheses. In other words,
every opening parenthesis is (eventually) matched, even though the words are
of infinite length. However, successive prefixes of w2 contain an ever-increasing
number of unmatched opening parentheses. As stated in Section 3.1, our study
of balanced languages stems from our interest in communication protocols.
Channels in such protocols often require buffers of finite size. As such, we do not
consider w2 to be balanced as it can cause an unbounded number of messages to
be in transit. At the same time, we consider w3 to be fine: it will be perpetually
at least one message ahead, but never more than two. To this end, we define a
notion of boundedness and use it as an additional constraint on balancedness.
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Boundedness

A (finite or infinite) word w ∈ Σ∞ is i-bounded by n ∈ N if |v|[i − |v|]i ≤ n
for all finite prefixes v of w. A language is i-bounded by n if all of its words
are. A word or language is i-bounded if it is i-bounded by n for some n. A
word or language is bounded if it is i-bounded for all i. The minimal i-bound
of a word or language is the smallest n for which it is i-bounded. We extend
these definitions to expressions and automata in the expected way: they are
(i-)bounded if their corresponding languages are.

We note that the boundedness of words does not necessarily imply the bounded-
ness of a language: all words in [∗i ([i]i)ω are bounded but the language itself
is not.

Balancedness

A word w ∈ Σ∞ is i-balanced if |w|[i = |w|]i , |v|[i ≥ |v|]i for all (finite) prefixes
v of w, and w is i-bounded. A language L ⊆ Σ∞ is i-balanced if all of its words
are and if it is i-bounded. These are extended to balancedness and automata
and expressions in the expected way: words and languages are balanced if
they are i-balanced for all i, automata and expressions are (i-)balanced if their
corresponding languages are. We note that all finite words are bounded by
default, and that any regular language whose i-balance is defined is i-bounded
as well. In other words: boundedness is only a restriction on infinite words and
on languages containing infinite words.

Balanced ω-automata

Our characterisation of balanced ω-automata follows the same approach as
for finite automata: we define a balance function and use this to specify
balancedness conditions. We use two examples to illustrate the differences.

• Consider the automaton in Figure 3.15. With acceptance condition {{q1,
q2}, {q1, q3}, {q1, q2, q3}} it accepts the language [1([1]1 + [2]2)ω. The
elements {q1, q2} and {q1, q2, q3} both lead to the acceptance of balanced
words, but {q1, q3} yields unbalanced words: since q2 is only visited finitely
often, all resulting words have finite and unequal numbers of opening and
closing 1-parentheses.

To classify this automaton as unbalanced, we thus require for every i and
for every set of states in the acceptance condition either that there is
some direct [i- or ]i-transition between two states in the set (violated in
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q0

q1q2 q3

[1[1

]1 [2

]2

Figure 3.15: A Muller automaton
with acceptance condition {{q1, q2},
{q1, q3}, {q1, q2, q3}}, accepting the
(unbalanced) language [1([1]1 +
[2]2)ω.

q0 q1 q2

]1

[1
[1

[1

Figure 3.16: A Muller automaton
with acceptance condition {{q1, q2}},
accepting the (balanced) language
(ε+ [1)([1]1)ω.

Figure 3.15), in which case all corresponding words contain infinitely many
i-parentheses of both kinds11, or that the i-balance of all states in the set
equals 0 (also violated in Figure 3.15), in which case all corresponding
words contain finitely many i-parentheses and equally many opening and
closing ones.

• Consider the automaton in Figure 3.16. Its language, (ε+ [1)([1]1)ω, is
balanced, but no unique 1-balance can be assigned to states q1 and q2:
they can be either 1 and 2 if the first transition taken is that from q0 to
q1, or 0 and 1 if the first transition taken is that from q0 to q2.

To remedy this, instead of assigning a single value as a state’s i-balance,
we now assign a range of values by giving an upper and lower bound
on its i-balance. For the automaton in Figure 3.16, the lower and upper
bound of the 1-balance of q1 are respectively 0 and 1, and those of q2 are
respectively 1 and 2 — those of q0 are both 0.

Formally, and combining these changes, we prove Theorem 3.15.

Remark. Similar to finite automata, the conditions above do not need to hold
for unreachable or dead states, where dead states in this case are states from
which no state in one of the members of F can be reached, nor for members of
F that specify an empty language. Since these can be ignored for the purpose
of i-balance bounds, we assume in the following that Muller automata do not
contain unreachable or dead states, and that every member of F specifies a

11Since the acceptance condition of Muller automata defines cyclic subgraphs (for nonempty
languages), the presence of one implies the presence of the other. If not, it would be impossible
to define a unique balance for all states.
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nonempty language — unless the automaton’s language is empty, in which case
we assume that it has one state and no transitions, and that F is empty.

Theorem 3.15. Let M = (Q,Σ, δ, q0, F ) be a Muller automaton. M is
balanced iff there exist lower and upper bounds on the i-balance of every
state in Q (respectively ∇L(q, i) and ∇U (q, i) for a state q) such that, for
every i,

(i) ∇L(q0, i) = ∇U (q0, i) = 0;

(ii) ∇L(q, i) ≥ 0 for every q ∈ Q;

(iii) ∇L(q, i) ≤ ∇L(p, i)+∇(σ, i) ≤ ∇U (p, i)+∇(σ, i) ≤ ∇U (q, i) for every
(p, σ, q) ∈ δ; and

(iv) for every {f1, . . . , fℓ} ∈ F (representing a nonempty language), either
there exist some j, k such that (∇L(fj , i),∇U (fj , i)) ̸= (∇L(fk, i),
∇U (fk, i)), or ∇L(fj , i) = ∇U (fj , i) = 0 for every j.

Proof sketch. We prove the two directions separately. Given bounds satis-
fying the conditions in the theorem, we construct an equivalent ω-regular
expression and then use Theorem 3.19 to show that it — and thus M —
is balanced. In the other direction, we construct these bounds and then
show that they satisfy the four conditions. The full proof can be found in
Appendix A.

Balanced ω-regular expressions
Our characterisation of balanced ω-regular expressions is a generalisation of
that of balanced regular expressions, adapted to deal with the complications
noted with ω-automata:

• We introduce two predicates for expressions: ξ(e, i) and ξω(e, i). Intuitively,
ξ(e, i) iff every word in L(e) contains at least one i-parenthesis, while
ξω(e, i) iff every word in L(e) contains infinitely many. The predicates
are formally defined in Figure 3.17, while the corresponding properties
are shown in Lemma 3.16.

• As with ω-automata, we swap single i-balances for pairs of lower and
upper bounds ∇L(e, i) and ∇U (e, i). These bounds are formally defined in
Figure 3.18. The changes to minimum i-balance are as expected: we add
∇min(eω, i) = ∇min(e, i) and we redefine ∇min(e1 · e2, i) to use ∇L(e1, i)
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ξ([i, i) ξ(]i, i)
ξ(ej , i) j ∈ {1, 2}

ξ(e1 · e2, i)
ξ(e1, i) ξ(e2, i)
ξ(e1 + e2, i)

ξ(e, i)
ξ(eω, i)

ξ(e, i)
ξω(eω, i)

ξω(e2, i)
ξω(e1 · e2, i)

ξω(e1, i) ξω(e2, i)
ξω(e1 + e2, i)

Figure 3.17: The i-occurrence of regular and ω-regular expressions.

∇†([i, j) =
{

1 if i = j

0 if i ̸= j

∇†(]i, j) =
{
−1 if i = j

0 if i ̸= j

∇†(ε, i) = 0

∇†(e1 · e2, i) =
{
∇†(e2, i) if ξω(e2, i)
∇†(e1, i) + ∇†(e2, i) otherwise

∇L(e1 + e2, i) = min(∇L(e1, i),∇L(e2, i))
∇U (e1 + e2, i) = max(∇L(e1, i),∇L(e2, i))
∇†(e∗, i) = 0 if ∇†(e, i) = 0
∇†(eω, i) = 0 if ∇†(e, i) = 0

Figure 3.18: The i-balance lower and upper bounds of regular and ω-regular
expressions, where † ∈ {L,U}.

instead of ∇(e1, i). The other equations remain as in Figure 3.4. The
corresponding properties are shown in Lemmas 3.17 and 3.18. We note
that, for any regular expression e ∈ E, ∇L(e, i) = ∇U (e, i) = ∇(e, i).

As before, we assume without loss of generality that an ω-regular expression e
does not contain the term ‘∅’, unless e = ∅, to simplify our definitions and
proofs.
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Lemma 3.16. Let e ∈ E ∪ Ω. If e ̸= ∅, then:

(i) ξ(e, i) iff |w|[i + |w|]i > 0 for every w ∈ L(e);

(ii) ξω(e, i) iff |w|[i + |w|]i = ℵ0 for every w ∈ L(e).

Lemma 3.17 (cf. Lemma 3.5). Let e ∈ E ∪ Ω. If ∇L(e, i), ∇U (e, i) and
∇min(e, i) are defined, then:

(i) For every w ∈ L(e), |w|[i and |w|]i are either both finite or both
infinite;

(ii) For every w ∈ L(e), if |w|[i , |w|]i are finite, then ∇L(e, i) ≤ |w|[i −
|w|]i ≤ ∇U (e, i);

(iii) If e ∈ E, then there exist w1, w2 ∈ L(e) such that |w1|[i − |w1|]i =
∇L(e, i) and |w2|[i − |w2|]i = ∇U (e, i);

(iv) If ξω(e, i), then ∇L(e, i) = ∇U (e, i) = 0;

(v) |v|[i − |v|]i ≥ ∇min(e, i) for every finite prefix v of every w ∈ L(e);

(vi) |v|[i − |v|]i = ∇min(e, i) for some finite prefix v of some w ∈ L(e);

(vii) L(e) is i-bounded.

Lemma 3.18 (cf. Lemma 3.6). Let e ∈ E ∪ Ω. If e ̸= ∅, if e is i-bounded,
and if there exists some n such that |(|v|[i − |v|]i) − (|w|[i − |w|]i)| ≤ n for
all v, w ∈ L(e) with finite i-parenthesis counts, then ∇L(e, i), ∇U (e, i) and
∇min(e, i) are defined.

The proofs of these lemmas are straightforward by structural induction on e.
Applying these lemmas gives us the following characterisation:

Theorem 3.19. Let e ∈ E∪Ω. Then e is balanced iff ∇L(e, i) = ∇U (e, i) =
∇min(e, i) = 0 for every i or if e = ∅.

Example 3.20. In this example, we further illustrate the role of lower and
upper bounds on i-balances in the presence of ω.
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• Let e1 = [1 + [1[1[1. We have:

∇L([1 + [1[1[1, 1) = min(∇L([1, 1),∇L([1[1[1, 1)) = min(1, 3) = 1
∇U ([1 + [1[1[1, 1) = max(∇U ([1, 1),∇U ([1[1[1, 1)) = max(1, 3) = 3

Thus, e1 is unbalanced. Intuitively, the problem is that there are
unmatched opening 1-parentheses.

• Let e2 = e1 · (]1[1)∗. Since ¬ξω((]1[1)∗, 1), we have:

∇L(e1 · (]1[1)∗, 1) = ∇L(e1, 1) + ∇L((]1[1)∗, 1) = 1 + 0 = 1
∇U (e1 · (]1[1)∗, 1) = ∇U (e1, 1) + ∇U ((]1[1)∗, 1) = 3 + 0 = 3

Thus, e2 is unbalanced. Intuitively, the problem remains that there
are unmatched opening 1-parentheses.

• Let e3 = e1 · (]1[1)ω. Since ξω((]1[1)ω, 1), we have:

∇L(e1 · (]1[1)ω, 1) = ∇L((]1[1)ω, 1) = 0
∇U (e1 · (]1[1)ω, 1) = ∇U ((]1[1)ω, 1) = 0

Thus, e3 is balanced, even though its prefix e1 is unbalanced. Intu-
itively, the solution is that even though, infinitely often, there are
more opening parentheses than closing parentheses, every opening
parenthesis is eventually matched and the number of unmatched open-
ing parentheses never exceeds three. This precisely coincides with the
notion of balancedness for infinite words that we adopted, as motivated
at the beginning of this section.

3.5 Balanced-by-construction ω-regular languages

To construct balanced ω-regular expressions, we extend the grammar in Fig-
ure 3.5 with ω as in Definition 2.3 to obtain the expression grammar Ω� in
Figure 3.19.

Since the inductive definition of the shuffle on trajectories operator does
not support words of infinite length, we formally redefine it as follows. The
definition is adapted from the definition given by Mateescu et al. for the binary
case [MRS98]. Let w1, . . . , wn ∈ Σ∞ and let t ∈ {1, . . . , n}∞. If t fits w1, . . . , wn,
i.e., if |t|i = |wi| for every i, then �t(w1, . . . , wn) = w(1)w(2) . . . w(|t|) if t has
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e ::= ∅ | e+ e | E · e | Eω+ | �Tω
(C, . . . , C) (ω-regular)

E ::= ∅ | ε | P | E + E | E · E | E∗ | �T (E, . . . , E) (regular)
E+ ::= ∅ | P | E+ + E+ | E · E+ · E | �T+ (E, . . . , E) (non-empty)
P ::= [1 · ]1 | [2 · ]2 | . . . (parentheses)
C ::= e | E (ω-shuffle operand)
T ::= ∅ | ε | 1 | 2 | . . . | T + T | T · T | T ∗ (trajectory)
T+ ::= ∅ | 1 | 2 | . . . | T+ + T+ | T · T+ · T (non-empty)
Tω ::= ∅ | Tω + Tω | T · Tω | Tω+ (ω-trajectory)

Figure 3.19: A grammar Ω� for expressing balanced ω-regular languages.

finite length and w(1)w(2) . . . if t has infinite length, where w(i) = wj(k) for
j = t(i) and k = |t(1, i)|j . The result is as expected. As before, this naturally
extends to languages and expressions.

Soundness

Balanced languages are closed under shuffle on trajectories; this follows im-
mediately from the operator’s definition. Mateescu et al. show that ω-regular lan-
guages are closed under binary shuffle on ω-regular trajectory languages [MRS98].
We extend their result to multiary shuffles by constructing a Muller automaton
M for �T (L1, . . . , Ln) out of a Muller automaton MT for T and finite/Muller
automata M1, . . . ,Mn for L1, . . . , Ln, where L1, . . . , Ln are all either regular
or ω-regular.

The construction of M is analogous to the construction of a finite automaton
for a shuffle of regular languages and differs only in the construction of the
acceptance criterion F . To define it, let Fi be the acceptance criterion of Mi: if
Mi is a finite automaton, then Fi is a set of states, and we may assume without
loss of generality that no state in Fi has any outgoing transition (otherwise, we
can construct an equivalent automaton which does have this property); if Mi is
a Muller automaton, then Fi is a set of sets of states. We also assume, without
loss of generality, that every i such that Li is ω-regular occurs infinitely often
in every trajectory in T .

We now define F as a combination of all the Fi: F is the set of sets of states such
that, if Li is ω-regular, then the projection of these states on i is an element
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of Fi, and if Li is regular, then the projection of these states on i is a single
state in Fi. Formally, let φi((qt, q1, . . . , qn)) = qi and φi(S) = {φi(q) | q ∈ S}
be the projection of a state or set of states on i. Then F = {S | S ⊆ Q ∧ ∀i ∈
[1, n] : (φi(S) ∈ Fi ∨ (φi(S) ⊆ Fi ∧ |φi(S)| = 1))}, where Q is the set of
states of M . The automaton for T forces that every Muller automaton for
some Li takes infinitely many steps. By our assumption that the final states
of finite automata have no outgoing transitions, all finite automata only take
a finite number of steps. It follows that our constructed Muller automaton
accepts the language of �T (L1, . . . , Ln), which then must be ω-regular. In
other words:

Theorem 3.21 (Soundness).

{L(e) | e ∈ Ω�} ⊆ {L | L is a balanced ω-regular language}.

Completeness

Our approach to showing that every balanced ω-regular expression has an
equivalent expression in Ω� mirrors that of Section 3.3: we first rewrite an
expression into a disjunctive normal form and then recursively construct an
expression in Ω� for every term of the disjunction by merging pairs of factors.

Let e ≠ ∅ be a balanced ω-regular expression. Without loss of generality,
we may assume that e = e1e

ω
2 + . . . + e2m−1e

ω
2m, where every ei is a regular

expression containing no ‘+’ or ‘∅’ [McN66]. Otherwise, we can rewrite it
accordingly. We show how to construct an expression in Ω� for e1e

ω
2 .

Since ∇L(e, i) = ∇U (e, i) = ∇min(e, i) = 0 by Theorem 3.19, it follows that
∇min(e1, i) = ∇L(e2, i) = ∇U (e2, i) = 0. Then, by Lemma 3.12, we can write e1
as a shuffle of factors i, ε

i, + i and e2 as a shuffle of factors i, ε
i, ± i, ⋆

i.
The idea is then to: (a) rewrite eω2 in terms of factors i, ε

i,
ω
i , ± ω

i and
then; (b) merge every + i in e1 with a ± ω

i in eω2 into ω
i , using Lemma 3.11.

We run into two complications:

• In step (a), eω2 may not necessarily be expressible as a single shuffle
of factors. Consider e2 = [1]1([2]2)∗ ≡ �11(22)∗( 1, ε 2): then eω2
contains both words with finite and infinite numbers of 2-parentheses.
The latter requires a factor ω

2 , while the former requires its absence.

To remedy this, we write eω2 as a disjunction of shuffles of factors; one for
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every combination of finite and infinite versions of i, ε
i. In this case:

eω2 ≡�(11(22)∗)ω ( 1, ε 2)
+�(11(22)∗)ω ( ω

1 , ε 2)
+�(11(22)∗)ω ( 1,

ω
2 )

+�(11(22)∗)ω ( ω
1 ,

ω
2 )

The second term of the disjunction contains all words with finitely many
2-parentheses and the fourth term contains all those with infinitely many.
Note that the first and third terms yield empty languages, but this does
not affect the resulting language. It is thus unnecessary to exclude these.

This is further detailed in Lemma 3.22.

• In step (b), the number of ± ω
i in a term of eω2 may not necessarily match

the number of + i in e1: if e1 = [1 and e2 = [1]1, then e1 contains one
+ 1 and e2 contains one factor 1. To solve this, we use two observations:

– We can apply Lemma 3.11 to split a i into + i and − i, inverting
the direction in which we have used the lemma so far.

– Since eω2 ≡ (e2 · e2)ω, we can produce arbitrarily many copies of the
factors in e2.

Combining the above, we can always split a i into + i and − i, then
create copies of them and merge them back into one i and one ± i.
Since we can merge all other factors with their own copy, this effectively
adds one ± i. Now that we have at least one, we can create more: we
create a copy of every factor, then merge every factor with its own copy
except for some number of ± i. This is further detailed in Lemma 3.23.

Lemma 3.22. Let e = �θ(e1, . . . , en) ∈ E� be a shuffle of factors i, ε
i,

± i such that θ fits every ej and contains no +. Then eω ≡ ê1 + . . .+ êm,
where êk = �θk(ek,1, . . . , ek,n) is a shuffle of factors i, ε

i,
ω
i , ± ω

i for
every k such that the number of ± i in e is the same as the number of ± ω

i

in êk for every i, and θk fits every ek,j.

Proof. Let φ : E → 2E∪Ω such that φ( k
i ) = { k

i ,
ω
i }, φ( ε k

i ) =
{ ε k

i ,
ω
i } and φ( ± k

i ) = { ± ω
i }. We can then show that eω ≡ ê1 + . . .+ êm,

where {ê1, . . . , êm} = {�θω (e′1, . . . , e′n) | e′1 ∈ φ(e1), . . . , e′n ∈ φ(en)}.
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Moreover, since φ maps ± i to ± ω
i , the number of factors ± ω

i in every êk
matches the number of factors ± i in e. However, if êk = �θω(e′1, . . . , e′n),
then θω may not necessarily fit every e′j : if e′j is one of i, ε

i, then there are
t ∈ L(θω) with infinitely many j, while every word in L(e′j) is finite. Instead
of θω, we can use the trajectory θ∗ · ψ(θ)ω, where ψ is a homomorphism
such that ψ(j) = ε if e′j is one of i, ε

i and ψ(j) = j otherwise. This
covers exactly the part of θω that fits every e′j .

Lemma 3.23. Let �θ(e1, . . . , en) ≡ e ∈ E be a shuffle of factors i, ε
i,

± i, ⋆
i such that θ fits every ej and contains no +, and ξ(e, i). If there are

ℓ factors ± i, ⋆
i among e1, . . . , en, then for every k ≥ ℓ (such that k > 0),

there exists some shuffle of factors ê = �θ̂(ê1, . . . , êm) such that eω ≡ êω, ê
contains k factors ± i and no ⋆

i and θ̂ fits every êj.

Proof. This proof consists of three steps. First, we need to make sure that
we have at least one ± i. Second, we replace any remaining factors ⋆

i with
± i. Third, we create additional copies of ± i as needed.

1. Suppose that there are no ± i among e1, . . . , en. Then our first step
consists of creating one. Since ξ(e, i) and θ contains no ‘+’, there
exists some ej ∈ { i, ε

i, ⋆
i} such that |t|j > 0 for every t ∈ L(θ).

Without loss of generality, we may assume that j = n.

If en = ⋆ k
i , since |t|n > 0 for every t then e ≡ �θ(e1, . . . , ± k

i )
and we can proceed with step 2. Otherwise, if en = ε k

i , then e ≡
�θ(e1, . . . ,

k
i ) and if en = 0

i , then e ≡ �θ(e1, . . . ,
1
i ). Going

forward, we may thus assume that en = k
i with k ≥ 1. Since |t|n > 0

for every t ∈ L(θ) and θ contains no ‘+’, it follows that θ = θ1 · θ2
such that both θ1 and θ2 only contain trajectories with odd numbers
of n. We can then apply the proof of Lemma 3.11 to show that
e ≡ �θ3(e1, . . . , en−1, + k1

i , − k2
i ) for some θ3, k1, k2.

If e1, . . . , en−1 contain a ⋆
i, then without loss of generality we may

assume that en−1 = ⋆
k3
i . We may assume that there exists some t ∈

L(θ) such that |θ|n−1 = 0; otherwise we would have selected this factor
as en earlier in this step and then proceeded with step 2. It follows that
all trajectories in θ1 and θ2, and therefore in θ3, contain even numbers
of n. Then, in the same way that we split k

i into + k1
i and − k2

i
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before, we can show that e ≡ �θ4(e1, . . . , en−2, ⋆
k4
i , ⋆

k5
i , + k1

i , − k2
i )

for some θ4, k4, k5. As seen in Figure 3.9, we can then merge ⋆
k4
i with

− k2
i and ⋆

k5
i with + k1

i to obtain e ≡ �θ5(e1, . . . , en−2, + k1
i , − k2

i )
for some θ5. This covers the case where k = ℓ > 0 but there are
no factors ± i. We may thus assume without loss of generality that
e ≡ �θ6(e1, . . . , + k1

i , − k2
i ) for some θ6.

Since we still lack a ± i, we use that eω ≡ (e · e)ω to construct e′ =
�θ6(e1, . . . , + k1

i , − k2
i ) ·�θ6(e1, . . . , + k1

i , − k2
i ) ≡ �θ7(e1, . . . , + k1

i ,
− k2
i , e1, . . . , + k1

i , − k2
i ) for some θ7. We can then merge the first + k1

i

with the second − k2
i into k1+k2+1

i and merge the second + k1
i with

the first − k2
i into ± k1+k2

i . We can merge every other factor with its
own copy, which gives us e′ ≡ �θ8(e′1, . . . , k1+k2+1

i , ± k1+k2
i ) and

e′ω1 ≡ eω.

Not including corner cases, this step can be visualised as follows:

·

2. Now that we have at least one ± i, we can reuse methods applied
in the first step to replace any remaining ⋆

i: create a copy of every
factor using eω ≡ (e · e)ω, then merge the two copies of ⋆

i with the
copies of some ± i as in Figure 3.9. By merging every other factor
with its own copy, we effectively replace one ⋆

i with one ± i. We
repeat this step until there are no ⋆

i left.

This step can be visualised as follows:
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·

3. Finally, by copying every factor and then merging each with its own
copy except for a number of ± i, we can create any additional number
of ± i, until we have some ê = �θ̂(ê1, . . . , êm) with k ± i. Since every
rewriting step preserves equivalence of the ω-closures and the fitting
of the trajectories, it follows that êω ≡ eω and that θ̂ fits every êj .

This step can be visualised as follows:

·

Summarising, given e1 ·eω2 , by applying Lemmas 3.22 and 3.23 we can rewrite e1
as a shuffle of factors i, ε

i, + i, and eω2 as a disjunction of shuffles of factors
i, ε

i,
ω
i , ± ω

i , such that the number of ± ω
i in every term of the disjunction

equals the number of + i in e1. By applying the laws of distributivity, we can
then rewrite e1 · eω2 as a disjunction of concatenations of shuffles. Since the
numbers of + i and ± ω

i match in every term of this disjunction, we can apply
Lemma 3.11 to merge every pair into ω

i . Since all factors are now balanced,
every balanced ω-regular language has a corresponding expression in Ω�:

Theorem 3.24 (Completeness).

{L(e) | e ∈ Ω�} ⊇ {L | L is a balanced ω-regular language}.
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·

· ·

· · · ·

· · ·

·

·

Figure 3.20: Construction of Example 3.25 as groups of jigsaw pieces.

Example 3.25. We construct an expression in Ω� for [1([1]1)ω.

[1([1]1)ω ≡ �1( + 0
1)(�11( 1

1))ω

≡ �1( + 0
1)(�1( + 0

1)�1 ( − 0
1))ω

≡ �1( + 0
1)(�1( + 0

1)�1( − 0
1)�1 ( + 0

1)�1 ( − 0
1))ω

≡ �1( + 0
1)(�1( + 0

1)�11 ( ± 0
1)�1 ( − 0

1))ω

≡ �1( + 0
1)(�1221( 1

1, ± 0
1))ω

≡ �1( + 0
1)�(1221)ω ( ω

1 , ± ω
1 )

≡ �1(2112)ω ( ω
1 ,

ω
1 ).
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Figure 3.20 illustrates this construction using groups of jigsaw pieces, line
by line. The ω-operator is visualized as an extra hatched container.

3.6 Conclusion

As shown by Theorems 3.10, 3.13, 3.21 and 3.24, there exist grammars which
can express precisely all balanced regular and ω-regular languages (Figures 3.5
and 3.19, respectively). When translated back to choreographies, this shows
that it is possible to design choreography languages that can express all
communication-error-free regular (and ω-regular) communication protocols.
This answers Question 1 positively. Fundamentally, this chapter shows that the
syntactic restrictions of choreography languages, i.e., using full communications
rather than separate send and receive actions, are not necessarily a limiting
factor in their expressiveness.

As a brief example, the behaviour depicted in Figure 1.7, which we could not
specify using the operators shown in Chapter 1, could be specified ussing the
shuffle on trajectories operator as �(12+21)(12+21)(C�Y: ,Y�C: ).

We note that this chapter does not consider realisability, which is an important
reason for limiting the expressiveness of choreography languages. Furthermore,
the shuffle on trajectories operator is versatile, but it is not straightforward
to use, whether in design or in analysis. The operator (when generalised to lan-
guages or expressions) matches words from its operands and filters out invalid
combinations; it is easy to accidentally allow either too little or too much in a spe-
cification, and this subtle behaviour makes it non-trivial to, for example, define
the projection of expressions containing shuffles on trajectories. We see more
promise in using the operator in the theoretical foundations of choreography
languages: since it generalises existing operators — notably sequential and
parallel composition — it could be used to consolidate proofs, and make it easier
to add other new operators that can be encoded using shuffles on trajectories.

We end with a discussion on two open problems related to this chapter: ex-
tending the results to context-free languages, and achieving the same results
without resorting to the multiary version of the shuffle on trajectories operator.

Balanced context-free languages

Having dealt with balanced regular and ω-regular languages, the natural next
step is to consider balanced context-free languages. As these are languages of
finite words, we can reuse the definition of balancedness as in Section 3.2.
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In the same way we characterised balanced regular languages in terms of
syntactic constraints on finite automata and regular expressions, it is possible
to characterise balanced context-free languages in terms of syntactic constraints
on pushdown automata and context-free grammars. In both cases, we add
a certificate ∇, just as for finite automata. For pushdown automata, this
certificate does not only consider the state but also the content of the stack;
for context-free grammars, the certificate assigns a value to the grammar’s
variables and terminals.

However, developing a balanced-by-construction grammar for context-free
languages is not as straightforward as adding the shuffle on trajectories operator
to a context-free grammar, such as the regular-like expressions described by
Gruska [Gru71]. The main complication is that context-free languages are
not closed under the shuffle on trajectories operator, i.e., the shuffle of a
set of context-free languages on a context-free language of trajectories is not
necessarily context-free. In fact, Mateescu et al. show that �T (L1, L2) is
guaranteed to be context-free only if at least two of T , L1 and L2 are regular
and the third is context-free [MRS98].

This holds even for seemingly simple sets of trajectories. For example, the
context-free language [n1[2]n1]2 can be expressed as�1m21m2([n1]n1 , [2]2). How-
ever, when we use the same context-free set of trajectories to shuffle the context-
free language L1 = anbnc∗ with the regular language L2 = d∗, the result is
not context-free. To see this, note that �1m21m2(anbnc∗, d∗) ∩ a+b+d+c+d+ =
anbndc2nd, which is not context-free; as context-free languages are known to be
closed under intersection with regular languages, �1m21m2(anbnc∗, d∗) cannot
be context-free.

Developing a balanced-by-construction grammar for context-free languages
thus is a non-trivial open problem. We note that there exists further research on
grammars with trajectories [Mar+99; OS05], which may inspire future efforts
towards this goal.

The same investigation could be made for visibly pushdown languages, a
subset of context-free languages with many desirable closure and decidability
properties [AM04], and for deterministic context-free languages. For both of
these, results may thus be easier to obtain.

Binary shuffles

Another non-trivial question is whether the grammar E� in Figure 3.5 is equally
expressive if we restrict the shuffle on trajectories operator to its form with
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two operands: is it possible to rewrite any n-ary shuffle to a combination of
(nested) binary ones?

As a simple first example, take �123123([1]1, [2]2, [3]3) ≡ [1[2[3]1]2]3. This
ternary shuffle can straightforwardly be rewritten with nested binary shuffles as
�122122([1]1,�1212([2]2, [3]3)). The reason this example is easy, is because
different types of parentheses can be neatly isolated into separate operands of
the (nested) binary shuffles.

As a more complicated second example, take:

�1(2112)∗(3131)∗1(([1]1)∗, ([2]2)∗, ([3]3)∗) ≡ [1([2]1[1]2)∗([3]1]3[1)∗]1

The first difficulty is that different types of parentheses cannot be neatly
isolated as in the previous example. Moreover, a second difficulty is that the
two loops in the trajectory expression mix the loops of the operands; as a
result, neither one of those loops can be neatly isolated. To overcome these
difficulties, a “trick” that we can use is to decompose the expression based
on the number of times that the second loop (in the trajectory expression) is
repeated: 0 times or at least once. In the former case, the expression simplifies
to [1([2]1[1]2)∗]1; this one is straightforward to rewrite. In the latter case,
the expression simplifies to [1([2]1[1]2)∗[3]1]3[1([3]1]3[1)∗]1, which can be
broken down as the concatenation of [1([2]1[1]2)∗[3]1]3 and [1([3]1]3[1)∗]1,
both of which are straightforward to write with binary shuffles by extracting
single pairs of parentheses at a time.

We believe it is possible to prove that this “trick” can be generalised to deal
with any number of concatenated loops, i.e., any expression v0w

∗
1v1w

∗
2 . . . w

∗
nvn

where all vi and wi are words. Consequently, the generalised “trick” can deal
with any balanced regular expression without nested loops.

However, the generalised “trick” does not seem to work for nested loops. As a
counterexample, consider [1([2]1([3[3]2[2]3]3)∗[1]2)∗]1. A straightforward
attempt would be to isolate the inner loop (and the parentheses that occur in it):
�1(21(222222)∗12)∗1(([1]1)∗, ([2([3[3]2[2]3]3)∗]2)∗). However, the shuffle has
no way to distinguish, e.g., [2]2[2]2[2]2[2]2 (four iterations of the outer loop
and none of the inner) and [2[3[3]2[2]3]3]2 (one iteration of both), as both
have length 8. As a result, it also accepts the word [1[2]1]2[2]2[2]2[2[1]2]1,
which is not in the original language. We have as of yet found no way to avoid
this ambiguity and thus to express this and expressions with nested loops in
general using only binary shuffle on trajectories operators.



Chapter 4

Branching pomsets

This chapter is based on section 3 of our ICE 2022 paper [ICE22] and on
sections 2 and 3 of the subsequent JLAMP 2024 paper [JLAMP24]. It also
contains part of the conclusions and related work of these papers. It partially
answers Question 2.

In this chapter, we formally define the syntax and semantics of branching
pomsets (BPs), as described in Chapter 1, and we compare their expressiveness
with that of several classes of event structures.

4.1 Syntax

The general idea of a branching pomset is that it represents all possible events,
but some of them are selected through a choice. We denote choices visually as
choice boxes containing branches, e.g., in Figures 1.10 and 4.1. The branching
structure does not interrupt the causality relation and all events still participate
in it, as shown in the examples, where arrows point both into and out of the
branches of the choice. Nested choices are supported as well.

Formally, the branching structure of a BP is a tree whose leaves are events
and whose inner nodes represent a structure of (possibly nested) choices and
branches. It is defined below with root node B, whose children C are either a
single event e (from the BP) or a binary choice node with children (branches)

61
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Ra � =

Choice

a
b

c
d e Rb � =

Choice

Choice

Choice

a

b

c

d

e

f

g h

Figure 4.1: Two branching pomsets.

B1,B2. Note that a node C must either be a leaf or an inner node with exactly
two children. A node B can have arbitrarily many children and can thus also
be empty — including the root node.

Definition 4.1 (Branching structure).

B ::= {C1, . . . , Cn} (n ≥ 0)
C ::= e | {B1,B2}

Example 4.2. For the BP Rb in Figure 4.1, the set of events is {a, b, c, d, e, f,
g, h} and the labelling function maps each event to itself. The novelty
with respect to pomsets is the branching structure B = {g, h, C1}, where
C1 = {{a, C2}, {b, C3}}, C2 = {{c}, {d}} and C3 = {{e}, {f}} are the outer
and the two inner choices respectively.

We write B1 � B2 if B1 is a subtree of B2 and B1 � B2 if B1 is a strict subtree
of B2, i.e., if B1 � B2 and B1 ≠ B2.12 We use the same notation for nodes
C, events e (a special case of C) and combinations of all the aforementioned.
Formally, the subtree relation is defined below, where D can be either a B or a
C (and thus also a singleton e).

12We use a different notation than in the original papers and their technical reports, where
we used ⪯ and ≺ for the subtree relation, to be more consistent with existing notation for
event structures.

https://lmf.di.uminho.pt/b-pomset/?Ra
https://lmf.di.uminho.pt/b-pomset/?Rb
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Definition 4.3 (Subtree).

D � D
D1 ∈ D2
D1 � D2

D1 � D2 D2 � D3
D1 � D3

D1 � D2 D1 ̸= D2
D1 � D2

Branching pomsets themselves are then formally defined below.

Definition 4.4 (Branching pomset). A branching pomset (BP) is a four-
tuple R = (E,⪯, λ,B), where E is a set of events, ⪯ ⊆ E×E is the causality
relation such that ⪯∗ (the reflexive and transitive closure of ⪯) is a partial
order on events13, λ : E → L is a labelling function assigning to every event
a label in a labelling set L, and B is a branching structure such that the set
of leaves of B is E and no event in E occurs in B more than once.

Formally, as an extension of pomsets, BPs should be defined as isomorphic
classes, which allows us to abstract away from the names of events. To simplify
matters, we have not done so here; it may thus be more accurate to consider
them branching lposets. Furthermore, we note that, in contrast to traditional
pomsets, the causality relation ⪯ is not necessarily a partial order. We briefly
discuss this in Section 4.4. We use R.E, R.⪯, R.λ and R.B to refer to the
components of R. We generally omit the prefix if doing so causes no confusion.
We also write e1 ≺ e2 if e1 ⪯ e2 and e1 ̸= e2. We use the following terminology:

• An event e is minimal (in R) if e′ ̸≺ e for all e′ ∈ R.E (i.e., there exists
no other event e′ that precedes e).

• An event e is active (in R) if e ∈ R.B (i.e., e is not part of a choice).

• An event e is enabled (in R) if it is both active and minimal; we write
en(R) to denote the set of enabled events in R.

• Two events e1 and e2 are causally ordered (in R) if either e1 ⪯ e2 or
e2 ⪯ e1.

• Two events e1 and e2 are mutually exclusive (in R) if there exists some
C = {B1,B2} � R.B such that e1 � B1 and e2 � B2.

Remark. Technically, there is nothing prohibiting a pair of events from being
both causally ordered and mutually exclusive: they may be part of different
branches of the same choice, while one is dependent on the other. However,

13We use a different notation than in the original papers and their technical reports, where
we used ≤ for the causality relation. This is to make clearer that ⪯ is not necessarily a partial
order.
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any such dependency is redundant and will not change the semantics of the
BP. We thus assume that these two relations are disjoint.

4.2 Semantics

Informally, every execution step of a BP R, in which an event e is fired, is
brought about in three steps:

1. First, R is optionally refined to a “sub-BP” R′ by resolving zero (i.e.,
R = R′), one, or more choices. Each resolution is done by replacing a
choice {{B1,B2}} at any level of the branching structure with one of its
branches Bi, thereby discarding the other branch Bj . We note that this
same idea governs the operational semantics of many existing languages,
too. For instance, in process calculi, if P can reduce to P ′, then also
P +Q (i.e., free choice between P and Q) can reduce to P ′, thus resolving
the choice and discarding Q.

2. Second, an enabling is sought. If an event e in R′ is enabled and, addi-
tionally, e is disabled in every refinement R′′ of R that is larger than
R′ (i.e., fewer choices are resolved in R′′ than in R′), then refining R
to R′ is said to be an enabling of e. In other words, R′ is the largest
sub-BP of R in which e is enabled (i.e., the smallest number of choices
are resolved to enable e). If R = R′, then zero choices were resolved in
the first refinement step. In contrast, if R ̸= R′, then one or more choices
were resolved to enable e: either because e was a minimal event of a
branch in R that was chosen in R′ (so e also became active), or because
e was active in R and causally ordered after events in a branch in R that
was discarded in R′ (so e also became minimal) — or both.

Intuitively, a BP can be considered to represent a set of pomsets. Each
resolution of a choice in a BP discards a number of these pomsets.
Selecting the largest refinement as described above then corresponds to
selecting the subset of all pomsets in which the chosen event is minimal.

3. Third, R is reduced by firing e. The resulting BP is R′ (the chosen
refinement of R) without e.

The empty BP cannot perform execution steps; it is said to terminate. Any
BP which can refine to the empty BP is able to terminate.

Formally, execution and termination are defined through a number of relations.
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B ⊒ B [Refl] B ⊒ B′ ⊒ B′′

B ⊒ B′′ [Trans] i ∈ {1, 2} {B1,B2} /∈ B
{{B1,B2}} ∪ B ⊒ Bi ∪ B [Choice]

B1 ⊒ B′
1 B2 ⊒ B′

2 {B1,B2} /∈ B
{{B1,B2}} ∪ B ⊒ {{B′

1,B′
2}} ∪ B [Congr] R.B ⊒ B′

R ⊒ R|B′
[Lift]

(a) Refinement rules.

R ⊒ R′ e ∈ en(R′)
∀R′′ : R ⊒ R′′ = R′ ⇒ e /∈ en(R′′)

R
✓e−→ R′

[Enable]

R
✓e−→ R′

R
e−→ R′ − e

[Reduce1] R
e−→ R′

R
λ(e)−−−→ R′

[Reduce2] R.B ⊒ ∅
R↓ [Terminate]

(b) Enabling, reduction, and termination rules.

(E,⪯, λ,B)|B′ = (E′,⪯ ∩ (E′ × E′), λ ∩ (E′ × L),B′),
where E′ = {e | e � B′}

en(R) = {e ∈ R.E | e ∈ R.B ∧ ∄e′ ∈ R.E : e′ ≺ e}
ê− e = ê

{C1, . . . , Cn} − e =
{
{C1, . . . , Ci−1, Ci+1, . . . , Cn} if Ci = e

{C1 − e, . . . , Cn − e} otherwise

{B1,B2} − e = {B1 − e,B2 − e}
R− e = R|R.B−e

(c) Operations on branching pomsets.

Figure 4.2: Semantics of branching pomsets.

• Refinement: A branching structure B can refine to B′, written B ⊒ B′.
We write B = B′ to specify that B ̸= B′. The refinement rules are
formalised in Figure 4.2a. To illustrate these, we use BPs Ra, Rb in
Figure 4.1. As the labels are irrelevant for these examples, we use a, . . . , h
for both the events and their labels. Finally, we assume that the relation
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R′
a
� = a

c
d e

R′
b
� =

Choice

a
c

d

g h

R′′
b
� =
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Figure 4.3: Refinements of Ra, Rb from Figure 4.1. R′
a is obtained by applying

Choice to Ra. R′
b is obtained by applying Choice to the outer choice of Rb.

R′′
b is obtained by applying Choice to both inner choices and Congr to the

outer choice of Rb.

⪯ for each BP consists exactly of the arrows shown in the figures.

The first two rules, Refl and Trans, are straightforward. The third rule,
Choice, resolves choices: it states that we can replace a choice with one
of its branches. This rule serves a dual purpose: by applying it to the
outer choice of Rb we can discard its lower branch, after which we can
fire a, which is then active; alternatively, by applying it to Ra we can
discard the upper branch of the choice, after which we can fire d, which is
then minimal. Recall that ⪯ is not necessarily a partial order and that, in
Ra, a ⪯∗ d but not a ⪯ d. Consequently, the transitive dependency from
a to d does not carry over to R′

a. The fourth rule, Congr, allows us to
resolve nested choices (with Choice) without first having to resolve their
outer choices. To make g minimal in Rb we could resolve the outer choice
and one inner choice with Choice (and Trans). However, we can also
apply Choice to resolve both inner choices and then apply Congr to
the outer choice to update it without unnecessarily resolving it. Finally,
the fifth rule, Lift, overloads the refinement notation to also apply to
BPs themselves: if R.B can refine to some B′ then R itself can refine to
a derived BP with branching structure B′, written R|B′14, whose events
are restricted to those occurring in B′ and likewise for ⪯ and λ. The
refinements above then lead to respectively R′

b, R
′
a and R′′

b in Figure 4.3.

14We use a different notation than in the original papers and their technical reports, where
this restriction is written R[B′].

https://lmf.di.uminho.pt/b-pomset/?a;c;d;e [1-%3E2,2-%3E4,3-%3E4]
https://lmf.di.uminho.pt/b-pomset/?a;%28c+d%29;g;h[1-%3E2,1-%3E3,2-%3E5,3-%3E4,4-%3E5]
https://lmf.di.uminho.pt/b-pomset/?%28a;c+b;e%29;g;h [1-%3E2,3-%3E4,2-%3E6,4-%3E6,5-%3E6]
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• Enabling, reduction, and termination: Figure 4.2b defines an en-
abling relation, two reduction relations, and a termination predicate.

– The first rule, Enable, defines the conditions for enabling an event
e, written R

✓e−→ R′: a BP R can enable e by refining to R′ if e is
enabled in R′ (e ∈ en(R′)), and if there is no other refinement R′′

in between which already enables e.

Example 4.5. Let Ra, Rb, R′
a, R

′
b, R

′′
b be as in Figures 4.1 and 4.3.

Then:

∗ Ra
✓d−→ R′

a

∗ Rb
✓a−→ R′

b

∗ Rb
✓g−→ R′′

b

As in the informal description, the enabling relation only discards
the absolutely necessary: for example, in the BP Ra in Figure 4.1,
we may discard the choice’s upper branch to fire d, but not to fire
a. Similarly, in the BP Rb in the same figure, we may discard the
lower branch from both inner choices to fire g, but there is no need
to also resolve the outer choice.

The refinement rules in Figure 4.2a act as structural rules, which do
not fire any event but may exclude events (by discarding branches),
as opposed to the reduction rules in Figure 4.2b, which fire events
and are therefore computational rules. In fact, refinements could
also be seen as executing silent transitions to resolve choices, as in
process algebras with an internal choice operator.

– The second and third rules, Reduce1 and Reduce2, define the
reduction relations. They state that, if R can enable e by refining
to R′ (through Enable), then it can fire e by reducing to R′ − e,
which is the BP obtained by removing e from R′ (Figure 4.2c). This
reduction is defined both on e’s label (Reduce2) and on the event
itself (Reduce1), the latter for internal use in proofs since λ(e) is
typically not unique but e is.

– The fourth rule, Terminate, defines the termination predicate and
simply states that a BP can terminate if its branching structure can
reduce to the empty set.
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4.3 Comparison with event structures

In this section, we study the expressive power of branching pomsets by com-
paring them with various classes of event structures.

Event structures (ESs) are a well-established model for concurrency which
bear a close relationship with both Petri nets and domain theory. Originally
introduced by Nielsen, Plotkin and Winskel [Win80; NPW81], this model rep-
resents a concurrent system as a set of (possibly labelled) events together with
some relations among them, which regulate their occurrence in computations.
Typically, in a prime event structure (PES), the original and simplest form of
ES, there are two relations on events: causality (meaning that one event must
occur before the other), and conflict (meaning that two events cannot occur in
the same computation).15

In their labelled version, PESs may be viewed as pomsets enriched with a
conflict relation. This makes them conceptually very close to branching pomsets,
therefore a comparison is in order.

Many variants of ESs have been studied in the last decades. We start by
reviewing a number of them, referring for more details to the extensive overview
given in the paper by Arbach et al. [Arb+18].

4.3.1 Event structure landscape

We first introduce the classes of ESs that are relevant to our study, namely
those represented in Figure 4.4 (except for the faded ones, which are only
included for completeness). We then uniformly define their semantics using the
notion of proving sequence, from which the classical notion of configuration (a
set of events that may have occurred at some stage of computation) may be
immediately derived.

We start by considering the classes of static ESs, namely prime, bundle, asym-
metric, and extended bundle ESs, where the relations on events are fixed once
and for all. We then move to the classes of dynamic ESs, namely growing, shrink-
ing and dynamic causality ESs, as well as ESs for resolvable conflict, where
one of the two relations of causality and conflict may vary along execution.

15To be more precise, the simplest class of ESs is that of elementary ESs, where the conflict
relation is empty [NPW81]. Elementary ESs are obtained from causal nets by retaining only
their events and dropping their conditions. In fact, elementary ESs are just posets of events,
or, in their labelled version, pomsets of event labels.
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Figure 4.4: Landscape of event structures as extended from [Arb+18]. Branching
pomsets are added in bold. Dynamic causality event structures are replaced by
a variant with counters. Flow, stable, dual, and higher order dynamic causality
event structures are faded to indicate that they are not discussed in detail.

Static event structures

The simplest class of ESs we consider, which is also the original one, is that of
prime ESs.

Definition 4.6 (Prime Event Structure (PES) [Win80]). A prime event
structure is a triple S = (E, #,≤), where E is a set of events, # ⊆ E×E is a
symmetric, irreflexive relation called the conflict relation, and ≤ ⊆ E×E is
a partial order relation called the causality relation, satisfying the properties:

⌊e⌋ = {e′ | e′ ≤ e} is finite for all e, e′ ∈ E (finite causes)

e # e′ ∧ e′ ≤ e′′ =⇒ e # e′′ (conflict hereditariness)

The condition of conflict hereditariness implies that the relations of conflict and
causality are disjoint and that events do not have conflicting causes. Two events
which are neither in conflict nor causally related are said to be concurrent. Two
events which are not in conflict are said to be consistent. The axiom of finite
causes forbids events with an infinite set of (consistent) causes, namely an
event e such that en ≤ e for all n ∈ N+, thus also ruling out infinite regression
(which could arise if we also had en+1 ≤ en for all n ∈ N+).

Event structures were originally conceived as a system model and not as an
algebraic model endowed with a set of constructors. However, since ESs were
introduced roughly at the same time as the first process calculi CSP, CCS
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and ACP, they appeared as a natural candidate model16 to give semantics
to process calculi. Because of their inability to represent disjunctive causality
(i.e., events with multiple possible causes, only one of which needs to happen),
PESs turned out to be too restrictive for that purpose. Typically, when two
CCS processes are composed in parallel, some of their events (those carrying
complementary labels) are allowed to synchronise giving rise to a new event,
whose set of successor events should be the union of the sets of successors of
the two original events, which can still occur independently. However, in a
PES the conflict hereditariness condition prevents any sharing of the sets of
successors, thus requiring their duplication after each synchronisation.

To overcome this problem, Winskel devised a more general class of ESs, called
stable event structures [Win80], which accommodates disjunctive causality by
replacing the causality relation ≤ with an enabling relation between sets of
events and events. Hence, the first ES semantics for CCS [Win82] was given
in terms of stable ESs. However, since the enabling relation is a second-order
relation on events, stable ESs lose the nice graphical representation offered by
PESs. This observation motivated the subsequent introduction of two subclasses
of stable ESs, respectively bundle ESs [Lan93] and flow ESs [BC88], which
allow for disjunctive causality while retaining a graphical representation. Both
these classes of ESs may be viewed as simple extensions of PESs, flow ESs
being slightly more expressive than bundle ESs [BC91]. Here we only consider
bundle ESs, which use a simpler enabling relation than stable ESs.

Definition 4.7 (Bundle Event Structure (BES) [Lan93]). A bundle event
structure is a triple S = (E, #,↣), where E is a set of events, # ⊆ E × E
is the symmetric, irreflexive conflict relation and ↣ ⊆ P(E) × E is the
enabling relation, satisfying the property:

X ↣ e =⇒ ∀e1 ̸= e2 ∈ X : e1 # e2 (stability)

Intuitively, X ↣ e means that at least one of the events in X needs to happen
before e can happen. The condition of stability furthermore implies that at
most one of the events in X needs to happen, as all the events in X must be
pairwise in conflict with each other.

For both PESs and BESs, more general variants where conflict is not required
to be symmetric have been proposed. These are called respectively asymmetric
ESs and extended bundle ES. We recall their definitions.

16in their labelled version, where events have labels that represent process actions or
communications.
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Definition 4.8 (Asymmetric Event Structure (AES) [BCM01]). An asym-
metric event structure is a triple S = (E,;,≤), where E is a set of events,
; ⊆ E × E is the asymmetric conflict relation, and ≤ ⊆ E × E is the
partially ordered causality relation, satisfying the following properties for
all e, e′, e′′ ∈ E:

⌊e⌋ = {e′ | e′ ≤ e} is finite (finite causes)

e < e′ =⇒ e; e′ (4.1)

(e; e′ ∧ e′ < e′′) =⇒ e; e′′ (4.2)

; is acyclic on ⌊e⌋ (4.3)

(; cyclic on ⌊e⌋ ∪ ⌊e′⌋) =⇒ e; e′ (4.4)

In the above definition, Condition 4.2 expresses hereditariness of asymmetric
conflict, while Condition 4.3 rules out cycles of asymmetric conflict in the set
of causes of an event. Since cycles can be self-cycles, this implies in particular
that asymmetric conflict is irreflexive. As for Condition 4.4, it requires that
any semantic conflict between two events which is due to their co-occurrence
on a cycle of asymmetric conflict be explicitly represented by an asymmetric
conflict in both directions.

As explained in [BCM01], the asymmetric conflict relation has two natural
interpretations: e ; e′ may be understood as (i) e′ disables e, namely the
occurrence of e′ prevents the occurrence of e, or (ii) e (weakly) precedes e′,
namely e occurs before e′ in all executions where they both occur.

A similar disabling relation is used in extended bundle ESs.

Definition 4.9 (Extended Bundle Event Structure (EBES) [Lan92]). An
extended bundle event structure is a triple S = (E,;,↣), where E is a set
of events, ; ⊆ E×E is the irreflexive disabling relation and ↣ ⊆ P(E)×E
is the enabling relation, satisfying the following:

X ↣ e =⇒ ∀e1 ̸= e2 ∈ X : e1 ; e2 (stability condition)

Here again, e; e′ should be read from right to left as e′ disables e.

The construction of an EBES from an AES is similar to that of a BES from a
PES. As such, AESs are included in EBESs.
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Dynamic event structures

We now review the classes of dynamic ESs, where one of the two relations of
causality and conflict may dynamically change along execution.

In [Arb+18], three new classes of ESs have been proposed, where the causality
relation can be modified by effect of the occurrence of some other event:
(1) shrinking causality event structures (SESs), where causal dependencies
can be removed, (2) growing causality event structures (GESs), where causal
dependencies can be added, and (3) dynamic causality event structures (DCESs),
where causal dependencies can be both added and removed.

Shrinking causality ESs extend rPESs (relaxed PESs where the conflict relation
is not required to be hereditary17) by allowing the causality relation to decrease
along execution.

Definition 4.10 (Shrinking Causality Event Structure (SES) [Arb+18]). A
shrinking causality event structure is a quadruple S = (E, #,→,�), where
E is a set of events, # ⊆ E×E is the symmetric, irreflexive conflict relation,
→ ⊆ E×E is the initial causality relation and � ⊆ E×E×E is the shrinking
causality relation (written e � [e1 → e2] for (e, e1, e2) ∈ �) satisfying the
property:

e� [e1 → e2] =⇒ (e1 → e2 ∧ e /∈ {e1, e2}) (SC)

Note that SESs can model disjunctive causality. Indeed, the shrinking causality
e�[e′ → e′′] represents a situation where initially e′ causes e′′, but this causality
may be cancelled by the occurrence of e. Thus, if e� [e′ → e′′] and e′� [e→ e′′]
and e # e′, then e and e′ are two conflicting causes of e′′. On the other hand, if
e � [e′ → e′′] and e′ � [e → e′′] and ¬(e # e′), then both e and e′ may occur
in the same computation, thus we can reach a state where all of e, e′, e′′ have
occurred: in this state, we do not know which of e or e′ has caused e′′ (one of
them must, since e′′ cannot occur alone). This means that SESs are not stable.
Moreover, SESs cannot model disabling: since causalities can only be dropped
and never added, an event that becomes at any point will always remain so.

Dually, growing causality ESs extend rPESs by allowing the causality relation
to increase along execution.

17While the name “rPES” has been coined in [Arb+18], this PES variant had already been
used to interpret a subset of CCS in [BC87].
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Definition 4.11 (Growing Causality Event Structure (GES) [Arb+18]). A
growing causality event structure is a triple S = (E,→,�), where E is a set
of events, → ⊆ E × E is the initial causality relation and � ⊆ E × E × E
is the growing causality relation (written e � [e1 → e2] for (e, e1, e2) ∈ �)
satisfying the property:

e� [e1 → e2] =⇒ (¬(e1 → e2) ∧ e /∈ {e1, e2}) (GC)

Note that conflict does not appear in Definition 4.11. This is because conflict
may be simulated by mutual disabling, and disabling may be simulated by
growing causality. The simulation of disabling as given in [Arb+18] assumes
the existence of an “impossible” event eimp

18 such that eimp → eimp (exploiting
the fact that → is not required to be irreflexive): then a conflict between e and
e′ may be modelled by setting e� [eimp → e′] and e′ � [eimp → e].

In fact, since Definition 4.11 does not require e1 ̸= e2 in Condition (GC), the
conflict between e and e′ may also be simulated more directly (see [Arb+18]
again) by letting e� [e′ → e′] and e′ � [e→ e]. Note finally that, unlike SESs,
GESs cannot model disjunctive causality.

Combining the features of shrinking and growing ESs, and adding some con-
straints on the interplay between shrinking and growing causality, we obtain
dynamic causality ESs (DCESs). In this chapter, we consider a variant of
DCESs, with the same syntax but subtly different semantics. This is discussed
when we formally define the semantics.

Definition 4.12 (Dynamic Causality Event Structure [Arb+18]). A dy-
namic causality event structure (DCES) is a quadruple S = (E,→,�,�),
where E is a set of events, → ⊆ E × E is the initial causality relation, and
�,� ⊆ E × E × E are respectively the shrinking and growing causality
relations, such that:

∄e′ ∈ E : e′ � [e1 → e2] ∧ e� [e1 → e2] =⇒ e1 → e2 (4.5)

e� [e1 → e2] =⇒ e /∈ {e1, e2} (4.6)

18The existence of impossible events, namely events that cannot occur in any computation,
is a common feature of all classes of ESs except PESs. When a particular ES does not contain
such events, it is said to be full.
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∄e′ ∈ E : e′ � [e1 → e2] ∧ e� [e1 → e2] =⇒ ¬(e1 → e2) (4.7)

e� [e1 → e2] =⇒ e /∈ {e1, e2} (4.8)

e� [e1 → e2] =⇒ ¬(e� [e1 → e2]) (4.9)

Again, conflict is omitted because it may be simulated by growing causality.
Conditions 4.6 and 4.8 correspond to the second half of Conditions (SC)
and (GC) respectively. Conditions 4.5 and 4.7 correspond to the first half
of Conditions (SC) and (GC), accounting for the possibility that the other
operator could add or subtract some causal dependencies. Finally, Condition 4.9
prevents an event from adding and dropping the same causal dependency.

The last class of dynamic ESs we shall consider is the following, where the
conflict relation may be changed dynamically.

Definition 4.13 (Resolvable Conflict Event Structure (RCES) [GP04]). An
event structure for resolvable conflict is a pair S = (E,⊢), where E is a set
of events and ⊢ ⊆ P(E) × P(E) is the enabling relation.

We recall from [GP04] a simple example showing that RCESs can model
resolvable conflicts, namely conflicts that disappear by effect of the occurrence of
some event. Consider the structure (E,⊢) where E = {a, b, c}, with {a} ⊢ {b, c}
and ∅ ⊢ X iff X ⊆ E and X ̸= {b, c}. This models an initial conflict between
b and c, which can be resolved by the occurrence of a. We refer the reader
to [GP04] for more examples, showing that RCESs are not stable. In fact,
in [GP04] RCESs are shown to be able to represent any Petri net, a very strong
expressiveness result.

Event structure semantics

The semantics of ESs is classically defined in terms of configurations. A configur-
ation is a set of events that may have occurred at some stage of a computation.
For all classes of ESs, we shall uniformly define a configuration to be a set
of events enumerable as a proving sequence [Win80; BC91; Lan92], namely a
sequence of consistent events such that each event is “secured” - i.e., granted
the possibility to occur - by the preceding ones. We will first introduce proving
sequences for all classes of ESs, and then uniformly derive from them a notion
of configuration and a reduction relation on configurations.

We start by introducing some terminology. A trace is a finite sequence of
distinct events t = e1 . . . en, where n ≥ 0 and by convention t = ε if n = 0.
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Given a trace t = e1 . . . en, we denote by ti = e1 . . . ei its prefix of length i for
every i ≤ n, and by t the set {e1, . . . , en} of events occurring in t. In particular,
tn = t, t0 = ε and t0 = ∅. As for pairs of events, a set of events is consistent if
it is conflict-free.

Proving sequences are traces with two distinguishing properties: consistency of
the underlying set of events, and securing for each of their events. Their formal
definitions differ depending on the considered class of ESs.

Definition 4.14 (PES proving sequence [Win80]). Let S = (E, #,≤) be a
prime event structure. A proving sequence of S is a trace t = e1 . . . en with
t ⊆ E, satisfying the properties:

∀i, j ∈ [1, n] : ¬(ei # ej) (consistency)

∀i ∈ [1, n] : ∀e ∈ E : (e < ei =⇒ e ∈ ti−1) (left-closure)

Definition 4.15 (AES proving sequence [BCM01]). Let S = (E,;,≤)
be an asymmetric event structure. A proving sequence of S is a trace
t = e1 . . . en with t ⊆ E, satisfying the properties:

∀i, j ∈ [1, n] : ei ; ej =⇒ i < j (consistency)

∀i ∈ [1, n] : ∀e ∈ E : (e < ei =⇒ e ∈ ti−1) (left-closure)

For PESs and asymmetric ESs, which have a global causality relation ≤,
securing amounts to left-closure with respect to ≤. For more expressive ESs
such as BESs and EBESs, which allow for disjunctive causality and only recover
a partial order of causality within individual computations, securing is defined
as consistent left-closure, namely left-closure up to conflicts. In BESs and
EBESs, this property is called bundle satisfaction.

Definition 4.16 (BES proving sequence [Lan92]). Let S = (E, #,↣) be a
bundle event structure. A proving sequence of S is a trace t = e1 . . . en with
t ⊆ E, satisfying the properties:

∀i, j ∈ [1, n] : ¬(ei # ej) (consistency)

∀i ∈ [1, n] : ∀X ⊆ E : (X ↣ ei =⇒ X ∩ ti−1 ̸= ∅) (bundle satisfaction)
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Definition 4.17 (EBES proving sequence [Lan92]). Let S = (E,;,↣)
be an extended bundle event structure. A proving sequence of S is a trace
t = e1 . . . en with t ⊆ E satisfying the properties:

∀i, j ∈ [1, n] : ei ; ej =⇒ i < j (consistency)

∀i ∈ [1, n] : ∀X ⊆ E : (X ↣ ei =⇒ X ∩ ti−1 ̸= ∅) (bundle satisfaction)

For dynamic classes of ESs, the definition of proving sequence is more subtle,
since it needs to account for the fact that the causes of every event in the
sequence may have been modified by some earlier event in the sequence. The
definitions we give below for SESs and GESs are slightly different in form, but
semantically equivalent, to the ones given in [Arb+18].

Definition 4.18 (SES proving sequence [Arb+18]). Let S = (E, #,→,�)
be a shrinking causality event structure. A proving sequence of S is a trace
t = e1 . . . en with t ⊆ E satisfying the properties:

∀i, j ∈ [1, n] : ¬(ei # ej) (consistency)

∀i ∈ [1, n] : ∀e ∈ E :
e→ ei =⇒ (e ∈ ti−1 ∨ ∃e′ ∈ ti−1 : e′ � [e→ ei]) (securing)

Informally, the securing property for SESs means that if e causes ei initially
(e → ei), then either e has indeed happened before ei (e ∈ ti−1), or another
event e′ has happened that removed the causality (∃e′ ∈ ti−1 : e′ � [e→ ei]).

Definition 4.19 (GES proving sequence [Arb+18]). Let S = (E,→,�)
be a growing causality event structure. A proving sequence of S is a trace
t = e1 . . . en with t ⊆ E satisfying the property:

∀i ∈ [1, n] : ∀e ∈ E : (e→ ei ∨ ∃e′ ∈ ti−1 : e′ � [e→ ei]) =⇒ e ∈ ti−1

Informally, the securing property for GESs means that if either e causes ei
initially (e→ ei), or if another event ej has happened that added the causality
(e′ � [e→ ei]), then e has indeed happened before ei (e ∈ ti−1).

Recall that DCESs combine the power of SESs and GESs: they are essentially
PESs whose causality relations can both shrink and grow as events happen
in a computation. Relative to SESs and GESs, the key complication to define
the semantics of DCESs is that the same causality can be removed, added,
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removed again, etc., in the same computation. In contrast, in SESs (resp.
GESs), once a causality is removed (resp. added), it remains absent (resp.
present) forever. Thus, a more advanced bookkeeping mechanism is needed to
account for the additions/removals of causalities to define proving sequences
of DCESs.

In [Arb+18] the operations for adding and dropping a cause are idempotent,
in the sense that the executions of two successive additions (resp. removals)
of the same causal dependency have the same effect as that of a single one.
Here, we adopt a finer mechanism, which counts the number of additions and
removals along an execution. Thus, our semantics for DCESs is a variant of the
original one proposed in [Arb+18], which we will call dynamic causality event
structures with counters (DCCESs). We provide a comparison of the original
definition of DCESs with DCCESs and BPs in Appendix B. Specifically, we
show that they are incomparable with both.

One advantage of this new semantics is that it supports a simple definition
of the transition relation on configurations, which does not require the pair-
ing of configurations with an ordering as in [Arb+18]. More precisely, the
intuition for a trace t = e1 . . . en to be a proving sequence of a DCCES is
that for any event ei in the trace, any cause of ei which has been added
more times than it has been dropped by events occurring in the prefix ti−1
does effectively cause ei at this stage of computation, and therefore it should
occur in the prefix ti−1. The definition relies on some auxiliary multisets,
which are variations (enriched with multiplicities) of the auxiliary sets used in
[Arb+18]. Clearly DCCESs extend both SESs and GESs. The proof for EBESs
given in [Arb+18] also holds for DCCESs, thus giving the inclusions shown in
Figure 4.4.

Definition 4.20 (Set of initial causes, multisets of added and dropped
causes). Let S = (E,→,�,�) be a dynamic causality event structure with
counters. Let e ∈ E and t = e1 . . . en with t ⊆ E. Then:

1. The set of initial causes of e is defined by ic(e) = {e′ | (e′, e) ∈ →};
2. The multiset of dropped causes of e after t is defined by

dc(e, t) = {e′(k) | k = |{e′′ ∈ t | e′′ � (e′, e)}|};
3. The multiset of added causes of e after t is defined by

ac(e, t) = {e′(k) | k = |{e′′ ∈ t | e′′ � (e′, e)}|}.
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Definition 4.21 (DCCES proving sequence). Let S = (E,→,�,�) be a
dynamic causality event structure with counters. A proving sequence of S is
a trace t = e1 . . . en with t ⊆ E satisfying the property: ∀i ∈ [1, n] : ∀e ∈ E :

mult(e, ic(ei)) + mult(e, ac(ei, ti−1))−mult(e, dc(ei, ti−1)) ≥ 1 =⇒ e ∈ ti−1

Finally, we define proving sequences for RCESs directly, in agreement with the
RCES semantics in [GP04].

Definition 4.22 (RCES proving sequence). Let S = (E,⊢) be an event
structure for resolvable conflict. A proving sequence of S is a trace t =
e1 . . . en with t ⊆ E satisfying the property:

∀i ∈ [1, n] : ∀Z ⊆ ti : ∃W ⊆ ti−1 : W ⊢ Z

Informally, the securing property for RCESs means that every subset of events
Z at timestamp i must be enabled by a subset of events W at timestamp i− 1.

Having introduced the notion of proving sequence for each class of ESs, we
may now uniformly define the notion of configuration and a transition system
on configurations for all kinds of ESs.

Definition 4.23 (Configuration and transition system). Let S be any ES. A
configuration of S is any setX such thatX = t for some proving sequence t of
S. The set of configurations of S is C(S) = {t | t is a proving sequence of S}.
The multi-step transition relation Z⇒S ⊆ C(S) × C(S) on configurations is
then defined as: X Z⇒S Y if there exist proving sequences t1 and t2 of S such
that t1 = X and t2 = Y and t1 is a prefix of Y . We then derive the single
action transition relation 7→S as: X 7→S Y if X Z⇒S Y and |Y | = |X| + 1.

We state some simple properties of proving sequences, to use in the proof of
Theorem 4.26, and define transition equivalence generically on any type of ES.

Lemma 4.24. Let S be an ES of any of the aforementioned classes. Then:

1. If t is a proving sequence of S, then any prefix ti of t is also a proving
sequence of S;

2. Let t and t′ be two proving sequences of S such that t = t′. If te is a
proving sequence of S, then also t′e is a proving sequence of S.19

19We note that this is true for any class of ESs in which the current configuration (i.e.,
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Definition 4.25 (ES transition equivalence [GP04]). Two ESs S1 and S2
are called multi-step transition equivalent, written S1 ≃mt S2, if Z⇒S1 = Z⇒S2 .
Analogously, two ESs S1 and S2 are called single action transition equivalent,
written S1 ≃t S2, if 7→S1 = 7→S2 .

We conclude by showing that, using these semantics, any type of ES considered
in this chapter can be encoded as an RCES. In particular, DCCESs also
represent a subset of RCESs, while DCESs and RCESs have been shown to be
incomparable [Arb+18].

Theorem 4.26. Let S be an ES of any of the aforementioned classes, with
set of events E, and let 7→S be the corresponding transition relation as
given by Definition 4.23. Then there exists an RCES Ŝ = (E,⊢) such that
7→Ŝ = 7→S.

Proof. First we use the proving sequences of S to define ⊢. For any proving
sequence t = e1 . . . en of S, define

⊢t = {(ti−1, Zi) | Zi ⊆ ti, i ∈ 1, . . . , n}.

Notice that for any t, we have (∅, t1) ∈ ⊢t. Now let

⊢ =
⋃

{⊢t | t is a proving sequence of S}.

We proceed to show that S and Ŝ have the same sets of proving sequences.

• Let t = e1 . . . en be a proving sequence of S. Then, for any 1 ≤ i ≤ n
and for any Zi ⊆ ti, we have ti−1 ⊢t Zi. It follows from Definition 4.22
that t is then also a proving sequence of Ŝ.

• We prove now that any proving sequence t = e1 . . . en of Ŝ is also a
proving sequence of S. We proceed by induction on the length n of t.

For n = 0 we have t = t0 = ε, which is a proving sequence of S
by definition. Assume now that the statement holds for all proving
sequences of length k, for 0 ≤ k ≤ n − 1. We want to show that it

the set of occurred events) wholly determines the current causal state (i.e., which events
are enabled). In particular, this is true for DCCESs but not for DCESs, which is why
Theorem 4.26 does not hold for the latter.



80 CHAPTER 4. BRANCHING POMSETS

also holds for t = e1 . . . en = tn−1en. By induction tn−1 is a proving
sequence of S.

Since t is a proving sequence of Ŝ, by Definition 4.22 for all Z ⊆ t
there exists some W ⊆ tn−1 such that W ⊢ Z. In particular this
holds for Z = t. Note that, on the one hand, W ⊆ tn−1 implies that
|W | ≤ n− 1. On the other hand, the construction of ⊢ implies that, if
W ⊢ Z, then |Z| < |W |. Since |t| = n, it follows that if W ⊢ t then it
must be |W | = n− 1 and thus W = tn−1. In other words: tn−1 ⊢t′ t
for some proving sequence t′ of S.

Then, by definition of ⊢t′ , tn−1 = t′n−1 and t ⊆ t′n. Since t = tn
and tn and t′n have the same length, it follows that t = t′n. This
means that t′n = t′n−1en. Now, since t′n and t′n−1 are prefixes of t′, by
Lemma 4.24(1) they are also proving sequences of S. Then we may
use Lemma 4.24(2) to conclude that t = tn = tn−1en is a proving
sequence of S.

Since S and Ŝ have the same proving sequences, it directly follows from
Definition 4.23 that 7→S = 7→Ŝ .

4.3.2 Comparison – Overview

We now compare branching pomsets with the various classes of ESs previously
reviewed. We establish a number of relative expressiveness results, summarised
in Figure 4.5, where we complete the initial picture of Figure 4.4 with dashed red
lines representing the non-inclusion of one model into another. Non-inclusion
results are proved by providing counterexamples. The inclusion of tree-like BPs
into PESs is proved in Lemma 4.32. The inclusion of general BPs into RCESs
is proved in Theorem 4.37. The inclusion of general BPs into DCCESs is work
in progress and for now remains a conjecture.

To conduct this comparison, we first need to introduce configurations also on
branching pomsets, as well as a transition relation between them.

Definition 4.27 (Configuration). Let R = (E,⪯, λ,B) be a branching
pomset. Then X ⊆ E is a configuration of R if there exists some trace
t = e1 . . . en such that R t−→∗ R′ and t = X.

Just as for ESs, let C(R) be the set of configurations of R.
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Figure 4.5: Summary of the core results proven in this section; solid blue arrows
represent strict inclusion, and dashed lines ✖ represent non-inclusion.

A question mark indicates a conjecture. Labels are active pointers to Lemmas,
Theorems and Conjectures.

Definition 4.28 (Transition system). Let R = (E,⪯, λ,B) be a branching
pomset and let X ⊆ E. Then the transition relation 7→R ⊆ C(R) × C(R) is
defined as follows: X 7→R X ∪ {e} if R t−→∗ R′ e−→ for some t = e1 . . . en such
that t = X.

We may now proceed to prove the results and discuss the conjectures corres-
ponding to the solid blue arrows and dashed red arrows in Figure 4.5.

4.3.3 Comparison – Static models

Our first result states that the class of prime ESs is not included in that of
BPs. Since prime ESs are the simplest class of ESs (static and dynamic alike),
extended by all the others, this implies that no class of ESs is included in that
of BPs. The PES in Figure 4.6a, which is used as a counterexample, is similar
to the pomset “N” as described by Gischer [Gis88]. “N”, named after its shape,
characterises the pomsets that are not expressible by sequential and parallel
composition. It might be interesting to investigate whether Lemma 4.29 could
be extended to an analogous characterisation of conflict relations, with choices
instead of parallel composition.

Lemma 4.29 (PES ̸⊆ BP ). There exists a prime event structure S for
which there does not exist a branching pomset R such that C(S) = C(R).
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Figure 4.6: Counterexamples

Proof. Let S = (E, #,≤) be the PES in Figure 4.6a, where E = {a, b, c, d},
a # b, a # d, c # d and a ≤ a, b ≤ b, c ≤ c, d ≤ d. Assume, for the sake of con-
tradiction, that there exists some BP R = (E,⪯, λ,B) with the same set
of configurations, namely C(R) = {∅, {a}, {b}, {c}, {d}, {a, c}, {b, c}, {b, d}}.
Then, a # b implies that there exists some choice C1 = {B1,B2} such that
a � B1 and b � B2. Analogously, c # d implies that there exists C2 = {B3,B4}
such that c � B3 and d � B4.

Now there are four possible ways to relate C1 and C2 in B. We show that all
of them lead to a contradiction.

1. Suppose C1 and C2 are concurrent choices: B = {C1, C2}. Then a and
d can occur together, which is a contradiction.

2. Suppose C1 and C2 are nested choices. Let C2 � C1 (the symmetric case
is analogous). There are two subcases:

(a) either C2 � B1, in which case b (which is in B2) can never occur
together with c or d (which are then in B1), thus contradicting
{b, c} ∈ C(R);

(b) or C2 � B2, in which case a (which is in B1) can never occur
together with c or d (which are then in B2), thus contradicting
{a, c} ∈ C(R);

3. Suppose C1 and C2 are the same choice, namely {B1,B2} = {B3,B4}.
Then, either B1 = B3, in which case b (which is in B2 = B4) cannot
occur together with c (which is in B1 = B3), thus contradicting
{b, c} ∈ C(R); or B1 = B4, in which case a (which is in B1 = B4)
cannot occur together with c (which is in B2 = B3), thus contradicting
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{a, c} ∈ C(R);

4. Suppose C1 and C2 are mutually exclusive choices. Then, there must be
some choice C = {B5,B6} such that C1 � B5 and C2 � B6. Consequently,
a (which is in B1 � B5) cannot occur together with c (which is in
B3 � B6), thus again contradicting {a, c} ∈ C(R).

Since all cases are contradictory, we conclude that there does not exist any
BP R such that C(R) = C(S).

The following lemma states that the class of BPs is not included in the class
of EBESs. Intuitively, it is possible for a BP in which a certain event can be
enabled, to reduce to one in which it cannot, and to then reduce to one in which
it again can. This cannot be simulated by an EBES, since disabling through
asymmetric conflict cannot be undone. Since EBESs are the most expressive
class of static ESs in Figure 4.5 (it includes the class of PESs and BESs), this
implies that no class of static ESs in Figure 4.5 includes that of BPs.

Lemma 4.30 (BP ̸⊆ EBES). There exists a branching pomset R for
which there does not exist an extended bundle event structure S such that
C(R) = C(S).

Proof. Let R be the BP in Figure 4.6b. Assume, for the sake of contradiction,
that there exists some EBES S = (E,;,↣) with the same set of config-
urations, namely C(S) = {∅, {a}, {b}, {c}, {d}, {a, c}, {a, d}, {b, c}, {b, d},
{a, c, d}, {b, c, d}}. Since {a}, {b}, {c}, {d} ∈ C(S), it follows that ↣ = ∅.
Furthermore, since {a, c, d} ∈ C(S), it follows that ¬(c ; d) ∨ ¬(d ; c).
However, it follows from these that {c, d} ∈ C(S), which is a contradic-
tion.

The following theorem follows directly from Lemmas 4.29 and 4.30.

Theorem 4.31. Branching pomsets are incomparable with the static event
structures in Figure 4.5 (prime, bundle, and extended bundle).

In contrast, for the special class of tree-like BPs, we can prove that it is strictly
subsumed by the class of PESs. Tree-like BPs are formally introduced as part
of the well-formedness conditions in Chapter 6. Intuitively, a BP is tree-like
if events inside of choices can only affect future events in the same branch;
graphically speaking, arrows can only enter boxes and not leave them.
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Lemma 4.32. For every tree-like branching pomset R there exists a prime
event structure S such that C(R) = C(S).

Proof. Let R = (E,⪯, λ,B) be a BP. We construct the PES S = (E, #,≤),
where ≤ = ⪯∗, the reflexive and transitive closure of ⪯, and # = {(e1, e2) |
∃{B1,B2} � B : e1 � B1 ∧ e2 � B2}, i.e., the set of conflicts consists exactly
of all pairs of events which are separated by some choice. Since R is tree-like,
e � B′ ∧ e ⪯ e′ =⇒ e′ � B′, from which it follows that S satisfies conflict
hereditariness. We proceed by showing that R and S have the same traces
and thus the same configurations.

• Let t = e1 . . . en be a trace of R. Then R
t−→∗ R′ for some R′. Since

two mutually exclusive events can never occur in the same trace of
R, t satisfies the PES consistency condition. Furthermore, for all
i ∈ {1, . . . , n}, if there exists some e ≺ ei then, since R is tree-like,
e ∈ ti−1. In other words, t also satisfies the PES left-closure condition,
and then t is also a trace of S.

• Let t = e1 . . . en be a trace of S. Then t must be consistent and left-
closed. Let i ∈ {1, . . . , n} and assume that R

ti−1−−−→∗
R′ for some R′

(where t0 = ε, in which case R′ = R). Since t is left-closed, it follows
that, for every e such that e ≤ ei, we have e ∈ ti−1. Consequently,
ei is minimal in R′. Furthermore, since t is consistent, ei cannot be
in conflict with any event in ti−1 and thus also does not belong to
a different branch of any choice than the events in ti−1. Since R is
tree-like, there is no need to resolve choices for any reason other than
firing events in them. It follows that ei � R′, and then R′ ei−→ R′′ for
some R′′. Finally, it then follows by induction that R t−→∗ R̂ for some
R̂ and then t is a trace of R.

Since R and S have the same set of traces, it follows that C(R) = C(S).

4.3.4 Comparison – Dynamic models

Our next two lemmas state that the class of BPs is not included in the classes
of SESs and GESs. Intuitively, BPs are able to disable events, which cannot be
done by SESs, and they can model disjunctive causality, which cannot be done
by GESs. Combined with our result in the previous subsection that the class
of PESs (subsumed by those of SESs and GESs) is not included in the class of
BPs, we conclude that BPs and SESs/GESs are incomparable: the expressive
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power to only remove, or to only add, causalities dynamically is insufficient to
cover the expressive power of BPs, and vice versa.

Lemma 4.33 (BP ̸⊆ SES). There exists a branching pomset R for which
there does not exist a shrinking causality event structure S such that C(R) =
C(S).

Proof. Let R be the BP in Figure 4.6b. Assume, for the sake of contradiction,
that there exists some SES S = (E, #,→,�) with the same set of config-
urations, namely C(S) = {∅, {a}, {b}, {c}, {d}, {a, c}, {a, d}, {b, c}, {b, d},
{a, c, d}, {b, c, d}}. Since {a}, {b}, {c}, {d} ∈ C(S), it follows that → = ∅.
Furthermore, since {a, c, d} ∈ C(S), it follows that ¬(c # d). However, it
follows from these that {c, d} ∈ C(S), which is a contradiction.

Lemma 4.34 (BP ̸⊆ GES). There exists a branching pomset R for which
there does not exist a growing causality event structure S such that C(R) =
C(S).

Proof. Let R be the BP in Figure 4.6c. Assume, for the sake of contra-
diction, that there exists some GES S = (E,→,�) with the same set of
configurations, namely C(S) = {∅, {a}, {b}, {a, c}, {b, c}}. Since {c} /∈ C(S)
and {a, c} ∈ C(S), it follows that a→ c. However, since GESs cannot model
disjunctive causality, it follows from a → c that {b, c} /∈ C(S), which is a
contradiction.

The following theorem follows directly from Lemmas 4.29, 4.33 and 4.34.

Theorem 4.35. Branching pomsets are incomparable with two dynamic
event structures in Figure 4.5 (growing and shrinking).

In contrast, we conjecture that DCCESs (which combine the power of SESs
and GESs) have more expressive power than BPs. The idea is that the power
to remove dependencies can be used to encode disjunctive causality, while
the power to add dependencies can be used to encode partial termination (as
asymmetric conflicts).
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Conjecture 4.36. For every branching pomset R there exists a dynamic
causality event structure with counters S such that R≃t S.

Surprisingly, we can show that BPs are incomparable with the original semantics
of DCESs. In Appendix B we give an example of a BP for which there exists
no equivalent DCES. We note that this BP can be encoded as a DCCES and
that this counterexample thus does not invalidate Conjecture 4.36.

Finally, the general enabling relation of RCESs can essentially encode arbitrary
transition graphs, including those induced by BPs. When equating traces of
BPs to proving sequences for ESs, their definitions for configurations and (single
action) transition relations (Definitions 4.23, 4.27 and 4.28) coincide. Then,
occasionally substituting the word ‘trace’ for ‘proving sequence’ in the proof of
Theorem 4.26 also proves the following theorem.

Theorem 4.37. For every branching pomset R there exists an event struc-
ture for resolvable conflict S such that R≃t S.

4.4 Conclusion

This chapter introduced branching pomsets as a compact model for combina-
tions of concurrency and choice, and compared it with the existing literature on
event structures. The branching structure of BPs enforces a strict hierarchy on
choices, which is less expressive as a choice mechanism than the conflict relation
typical to ESs. However, the refinement and enabling relations of BPs allow for
(perhaps surprisingly) complex behaviour, placing it in the realm of dynamic
ESs. Consequently, none of the existing classes of ESs are contained in BPs,
but neither are BPs contained in many classes of ESs: they are incomparable
with most, and are only contained in some of the most expressive classes of
dynamic ESs. Specifically, BPs are not contained in dynamic causality ESs and,
consequently, also not in extended bundle ESs, or in growing or shrinking caus-
ality ESS; they are, however, contained in ESs for resolvable conflict, and we
conjecture that they are contained in a variant of dynamic causality ESs. This
partially answers Question 2; Chapter 5 completes the answer by specifically
applying BPs to choreographies.

We end with a brief discussion on properties of BPs and related models.

n-ary choices The definition of our branching structure (Definition 4.1)
only supports binary choices: n-ary choices only exist as a derived concept by
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nesting binary ones. This matches the structure of typical choreographies, but
it would be more natural to represent, e.g., c1 + (c2 + c3) (where + represents
nondeterministic choice) as a single choice between the BPs for c1, c2 and c3
instead of as two nested binary choices, e.g., a choice between, on the one
hand, c1 and, on the other hand, a choice between c2 and c3. Supporting n-ary
choices could be realised in two ways. On the one hand, n-ary choices could
be supported in encodings but then internally (pre)processed as nested binary
choices, as they are now; this can be considered syntactic sugar. On the other
hand, n-ary choices could be added as a primitive by altering Definition 4.1,
of which binary choices would then be a special case. The latter would not
change the expressiveness of BPs, but is intellectually more interesting: it
would also require some thought about how to change the rules for refinement
(Figure 4.2a), in particular Choice. A naive change would be to simply have
this rule use i ∈ {1, . . . , n} and {{B1, . . . ,Bn}} instead of its current binary
rules, but this is not sufficient as this naive n-ary choice would not be equivalent
to the same branches composed as nested binary choices. For example, the
previously described nested choice can refine to a choice between c1 and c2 (by
resolving the inner choice between c2 and c3 in favour of c2), but a BP whose
branching structure consists of a single ternary choice {{B1,B2,B3}} would
not be able to refine to {{B1,B2}} as the rules would only allow it to either
refine all of its branches or discard all but one of them. Supporting a primitive
n-ary choice would thus also require a new rule that allows {{B1, . . . ,Bn}} to
refine a choice to an arbitrary (non-empty) subset of its branches, and one to
refine singleton choices to their sole branch.

Partial order In Definition 4.4, ⪯ is defined as a relation on events such
that its transitive closure is a partial order, rather than ⪯ being a partial order
itself as ≤ is in traditional pomsets. This is necessary because two events may
be either related or unrelated depending on the resolution of certain choices.
For example, consider the BP Ra in Figure 4.3. Events a and d are related if
the choice’s upper branch is taken and unrelated otherwise. It should thus be
possible to enable d by discarding the choice’s upper branch. In our current
rules d only has a direct dependency on b and therefore discarding b will make
d minimal. However, if ⪯ were a partial order, then d would also have direct
dependencies on a and, since a is not part of the choice, there would be no
refinement that enables d.

In general, if R1 ⊒ R′
1 and R2 ⊒ R′

2 then if ⪯ would be a partial order it would
not necessarily be true that R1 ;R2 ⊒ R′

1 ;R′
2, where the sequential composition

‘;’ of two BPs is as later defined in Figure 5.4. R1 ;R2 may contain dependencies
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obtained by transitivity which would still be present in the refinement but which
cannot be derived in R′

1 ;R′
2. Castellani and Zhang note the same property in

the context of flow event structures [CZ97].

Relation between BPs and ESs Figure 4.5 shows the established inclu-
sions and non-inclusions between BPs and ESs. Naturally, formally proving
or disproving the inclusion of BPs in our variant of dynamic causality ESs
(Conjecture 4.36) would complete the picture. A comparison with the original
semantics of dynamic causality ESs may be found in Appendix B. Additionally,
it may be interesting to further study the difference in expressiveness between
BPs and the classes of ESs. As demonstrated by Lemma 4.29, (prime) ESs can
describe more complex choices than BPs. A way to close or overcome the gap
would be to lift the requirement on a BP’s branching structure that all events
must occur in it exactly once, thus allowing overlapping boxes in the graphical
representation. This would also require changes to the refinement rules. As
the branching structure could then encode a (symmetric) conflict relation, this
would invalidate Lemma 4.29. It is unclear precisely how it would affect the
other relations.

Relation between BPs and other models We have given a thorough
comparison between BPs and several classes of ESs, since they share many ideas.
It would be interesting to also investigate the relation between BPs and other
models for concurrency, with the book chapter by Winskel and Nielsen being
a good starting point [WN93]. In particular, Petri nets are a well-established
model for concurrency and bear a close relationship with ESs, and they are a
first candidate for further study.



Chapter 5

Branching pomsets for
choreographies

This chapter is based on section 4 of our ICE 2022 paper [ICE22] and on
section 4 of the subsequent JLAMP 2024 paper [JLAMP24]. It partially answers
Question 2. As in the original papers, a number of technical lemmas and proofs
are omitted in favour of informal proof sketches or highlights. The omitted
proofs and lemmas can be found in the technical report of our ICE 2022
paper [ICE22 TR].

5.1 Introduction

Chapter 4 introduced branching pomsets (BPs) as a generic model for con-
currency. In this chapter we define the syntax and semantics of a simple
choreography language, for which we provide an encoding as BPs. We then
prove that the semantics of the choreographies and their encodings as BPs
coincide — specifically, their LTSs are bisimilar.

While the presented choreography language is conceptually simple, its weak
sequential composition is an interesting feature. Our interpretation of it, and
the implementation through partial termination, are adapted from the work of
Rensink and Wehrheim in process algebra [RW01]. It is novel in the context of
choreographies.

89
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c ::= 1 | a�b:x | ab?x | c ; c | c+ c | c ∥ c | c∗

Figure 5.1: Syntax of choreographies, where a and b are processes (a ̸= b) and
x is a message type.

Formally, we fix the following set of labels for BPs for this chapter. Let
A = {a, b, . . .} be the set of processes and let X = {x, y, . . .} be the set of
message types. Then, let L =

⋃
a,b∈A,x∈X {ab!x, ab?x} be the set of labels

(actions), ranged over by ℓ, where ab!x is a send action from a to b of a message
of type x, and ab?x is the corresponding receive action by b. The subject of an
action ℓ, written subj (ℓ), is the process performing the action: subj (ab!x) = a
and subj (ab?x) = b.

5.2 Choreography language definition

The syntax of our choreography language is formally defined in Figure 5.1. ‘1’ is
the empty choreography; ‘a�b:x’ is the asynchronous communication from a to
b of a message of type x; the boxed term ‘ab?x’ represents a pending receive on b
from a of a message of type x (it is boxed in Figure 5.1 to indicate that it is only
used internally to formalise behaviour but the box is not part of the syntax);
‘c1 ; c2’, ‘c1 + c2’ and ‘c1 ∥ c2’ are respectively the weak sequential composition,
nondeterministic choice and parallel composition of choreographies c1 and c2;
finally, ‘c∗’ is the finite repetition (or, more informally, loop) of choreography c.

The semantics for choice, parallel composition and loop are standard. We note
that our sequential composition is weak. With standard sequential composition,
when sequencing c1 and c2, the choreography c1 must fully terminate before
proceeding to c2. With weak sequential composition, however, actions in c2 can
already be executed as long as they do not interfere with c1. For example, in
a�b:x ; c�d:x we can execute the action cd!x as it does not affect the subjects
of a�b:x: there is no dependency and thus no need to wait for a�b:x to go first.
On the other hand, in a�b:x ; a�c:x the action ac!x cannot be executed first
as its subject (a) must first execute ab!x. This is the common interpretation
of sequential composition in the context of message sequence charts [KL98],
multiparty session types [HYC08] and choreography programming [CM13].

The reduction and termination rules of our choreography language are formally
defined in Figures 5.2a and 5.2b, respectively. To formalise the reduction of weak
sequential composition, we follow Rensink and Wehrheim [RW01], who define a
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a�b:x ab!x−−→ ab?x
[−→1]

ab?x ab?x−−→ 1
[−→2] c1

ℓ−→ c′1

c1 ; c2
ℓ−→ c′1 ; c2

[−→3]

c1
✓ℓ−→ c′1 c2

ℓ−→ c′2

c1 ; c2
ℓ−→ c′1 ; c′2

[−→4] c1
ℓ−→ c′1

c1 ∥ c2
ℓ−→ c′1 ∥ c2

[−→5] c2
ℓ−→ c′2

c1 ∥ c2
ℓ−→ c1 ∥ c′2

[−→6]

c1
ℓ−→ c′1

c1 + c2
ℓ−→ c′1

[−→7] c2
ℓ−→ c′2

c1 + c2
ℓ−→ c′2

[−→8] c
ℓ−→ c′

c∗
ℓ−→ c′ ; c∗

[−→9]

(a) Reduction rules.

1↓ [↓1]
c∗↓ [↓2] c1↓ c2↓ † ∈ {;, ∥}

c1 † c2↓
[↓3] ci↓ i ∈ {1, 2}

c1 + c2↓
[↓4]

(b) Termination rules.

1 ✓ℓ−→ 1
[ ✓−→1] subj (ℓ) /∈ {a, b}

a�b:x ✓ℓ−→ a�b:x
[ ✓−→2] subj (ℓ) ̸= b

ab?x ✓ℓ−→ ab?x
[ ✓−→3]

c1
✓ℓ−→ c′1 c2

✓ℓ−→ c′2 † ∈ {;, ∥,+}
c1 † c2

✓ℓ−→ c′1 † c′2
[ ✓−→4]

c1
✓ℓ−→ c′1 c2 ̸ ✓ℓ−→

c1 + c2
✓ℓ−→ c′1

[ ✓−→5] c1 ̸ ✓ℓ−→ c2
✓ℓ−→ c′2

c1 + c2
✓ℓ−→ c′2

[ ✓−→6] c
✓ℓ−→ c

c∗
✓ℓ−→ c∗

[ ✓−→7] c ̸ ✓ℓ−→ c

c∗
✓ℓ−→ 1

[ ✓−→8]

(c) Partial termination rules.

Figure 5.2: Operational semantics of choreographies.

notion of partial termination. Partial termination inspired our refinement and
enabling rules for BPs, so both the concepts and notation are similar.

Partial termination In a weak sequential composition c1 ; c2, an action
ℓ in c2 can be executed if c1 can partially terminate for ℓ. Conceptually, a
choreography c1 can partially terminate for ℓ by discarding all branches of its
behaviour which would conflict with it, i.e., in which the subject of ℓ occurs.
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This is written c1
✓ℓ−→ c′1, where c′1 is the remainder of c1 after discarding all

branches involving the subject of ℓ. For example, if c1 = a�b:x + a�c:x then
c1

✓cd!x−−→ a�b:x, as this branch does not contain c. An exception is when the
subject of ℓ occurs in every branch of c1, in which case c1 cannot partially
terminate for ℓ, i.e., c1 ̸ ✓ℓ−→. In the above example, c1 ̸ ✓ad!x−−→.

The rules for partial termination are deterministic and, like our enabling relation
for BPs, only discard the absolutely necessary. In the example above, c1

✓da!x−−→ c1
since the subject d does not occur in either branch: dropping one of the branches
would be unnecessary and is thus not allowed. The rules for partial termination
are defined in Figure 5.2c. We highlight the rules for the different operators:

• Sequential composition c1 ;c2 and parallel composition c1 ∥ c2 can partially
terminate if both c1 and c2 can (rule ✓−→4).

• A choice c1 + c2 can partially terminate if at least one of its branches can.
If both branches can partially terminate then both are kept (rule ✓−→4),
otherwise only the partially terminated one is kept (rules ✓−→5 and ✓−→6).

• Following Rensink and Wehrheim, a loop c∗ can partially terminate if
its body (c) can partially terminate without discarding any branches,
i.e., if c ✓ℓ−→ c. In that case also c∗ ✓ℓ−→ c∗ (rule ✓−→7). Otherwise we allow
c∗ to be skipped entirely, represented as partial termination to 1, i.e.,
c∗

✓ℓ−→ 1 (rule ✓−→8). This can happen either if c can partially terminate
to c′ but c′ ̸= c, or if c cannot partially terminate at all. We use c ̸ ✓ℓ−→ c
as a shorthand to cover both these cases. Skipping a loop is necessary,
for example, in a protocol such as (a�b:x ; b�a:x)∗ ; a�b:done, in which
Alice and Bob exchange an arbitrary number of messages x until Alice
signals done. In this choreography, the loop has to partially terminate to
1 to eventually allow for the action ab!done.

Example 5.1. Let c1 � = (a�b:x + a�c:x) ; (d�b:x + d�e:x). Let c2 � =
(a�b:x + c�b:x)∗ ∥ (c�a:x + c�b:x).

• c1
✓be!x−−→ a�c:x ; d�e:x. The subject b of be!x occurs in one branch

of each of both choices: a�b:x + a�c:x ✓be!x−−→ a�c:x (rule ✓−→6) and
d�b:x + d�e:x ✓be!x−−→ d�e:x (rule ✓−→6), and then c1

✓be!x−−→ a�c:x ; d�e:x
(rule ✓−→4). While the recipient e also occurs in the second branch of
the second choice, since it is not the actual subject it does not interfere
with be!x (rule ✓−→2).

https://lmf.di.uminho.pt/b-pomset/?%28a-%3Eb:x+a-%3Ec:x%29;%28d-%3Eb:x+d-%3Ee:x%29
https://lmf.di.uminho.pt/b-pomset/?%28a-%3Eb:x+c-%3Eb:x%29*%7C%7C%28c-%3Ea:x+c-%3Eb:x%29
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• c1 ̸ ✓ab!x−−→. While the second choice can partially terminate without
dropping any branches (rule ✓−→4), the first choice contains the subject
a of ab!x in both of its branches and none of rules ✓−→4,

✓−→5 and ✓−→6
apply. Since one of the choices cannot partially terminate, neither can
their sequential composition: rule ✓−→4 does not apply.

• c2
✓ad!x−−→ 1 ∥ c�b:x. The subject a of ad!x only occurs in one branch of

the loop body, but, since rule ✓−→7 does not apply, the loop can only
partially terminate to 1 through rule ✓−→8. On the right hand side of
the parallel composition, a occurs only in the first branch and so rule
✓−→6 applies. The two sides are then combined through rule ✓−→4.

• c2 ̸ ✓cd!x−−→. While the loop can again partially terminate to 1 through
rule ✓−→8, the subject c of cd!x occurs in both branches of the right
hand side of the parallel composition and none of rules ✓−→4,

✓−→5 and
✓−→6 apply. Since its right hand side cannot partially terminate, neither
can it as a whole: rule ✓−→4 does not apply.

As already discovered by Rensink and Wehrheim [RW01], an unwanted con-
sequence of these rules for partial termination is that unfolding iterations
of loops no longer preserves behaviour. We would like c∗ and (c ; c∗) + 1 to
behave the same, but this is not the case. For example, if c = a�b:x + c�d:x,
then c∗ ✓ab!x−−→ 1 (rule ✓−→8) but (c ; c∗) + 1 ✓ab!x−−→ (c�d:x ; 1) + 1 (rules ✓−→6,

✓−→8
and ✓−→4). Then c∗ ; c ab!x−−→ 1 ; ab?x by skipping the loop (rule −→4); however,
((c ; c∗) + 1) ; c has no way to match this as it can skip the loop but it can
only partially terminate the already unfolded iteration c to c�d:x — it cannot
discard it entirely. We borrow the solution that Rensink and Wehrheim offer,
which is the concept of dependent guardedness.

Dependent guardedness A loop c∗ is dependently guarded if, for all actions
ℓ, the loop body c can only partially terminate for ℓ if its subject does not
occur anywhere in c. In other words: any process that occurs in some branch of
c must also occur in every other branch of c. It then follows that c can either
partially terminate for ℓ without having to discard any branches, or it cannot
partially terminate at all. Formally: if c ✓ℓ−→ c′ then c′ = c. A choreography ĉ is
then dependently guarded if all of its loops are.

As a consequence, we avoid the problem above: if c∗ ✓ℓ−→ 1 then c ̸ ✓ℓ−→ and
c ; c∗ ̸ ✓ℓ−→ since rule ✓−→4 does not apply and, consequently, (c ; c∗) + 1 is
forced to partially terminate to the second branch of the choice (rule ✓−→6),
which is 1. More precisely, let c∗ be some dependently guarded expression. If
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c
✓ℓ−→ c′ for some ℓ, c′, then c′ = c. It follows that c∗ ✓ℓ−→ c∗ (rule ✓−→7) and

(c ; c∗) + 1 ✓ℓ−→ (c ; c∗) + 1 (rule ✓−→4). Similarly, if c ̸ ✓ℓ−→ then c∗ ✓ℓ−→ 1 (rule ✓−→8)
and (c ; c∗) + 1 ✓ℓ−→ 1 (rule ✓−→6).

Example 5.2. Let c1 � = a�b:x + a�c:x. Let c2 � = a�b:x + b�a:x.
• c1 itself is dependently guarded as it does not contain any loop.

• c∗1
� is not dependently guarded as c1

✓cd!x−−→ a�b:x ̸= c1 (rule ✓−→5).

• c∗2
� is dependently guarded since both a and b occur in both branches

of c2.

• (c∗2)∗ � is not dependently guarded, since c∗2
✓ab!x−−→ 1 (rule ✓−→8).20

5.3 BP encoding

Figure 5.3 shows two choreographies and corresponding BPs similar to those in
Figure 4.1. Formally, the rules for the construction of a BP for a choreography c,
written JcK, are defined in Figure 5.4. Most rules are as expected. We highlight
the rules for operators:

• The rule for parallel composition (Jc1 ∥ c2K) takes the pairwise union of
all components.

• The rule for sequential composition (Jc1 ; c2K) also adds dependencies
to ensure that, for every a, all events with subject a in Jc1K (denoted
Ea

1) must precede all events with subject a in Jc2K (Ea
2). This matches

the reduction rule for weak sequential composition of choreographies
(Figure 5.2a), as events in Jc2K are only required to wait for events in Jc1K
whose subject is the same.

• The rule for choice (Jc1 + c2K) adds a single top-level choice in the
branching structure to choose between the BPs for c1 and c2.

• The rule for loops (Jc∗K) encodes a loop as a choice between terminating
(1) and unfolding one iteration of the loop (c ; c∗). This results in an
infinitely unfolding BP, which is thus of infinite size. We note that our
theoretical results still hold even on infinite BPs, but that any analysis
of an infinite BP will have to be symbolic. However, since the focus of

20In fact, such a double loop is only dependently guarded if it does not contain any
communications, i.e., if it only consists of some number of 1s and operators.

https://lmf.di.uminho.pt/b-pomset/?a-%3Eb:x + a-%3Ec:x
https://lmf.di.uminho.pt/b-pomset/?a-%3Eb:x + b-%3Ea:x
https://lmf.di.uminho.pt/b-pomset/?%28a-%3Eb:x + a-%3Ec:x%29*
https://lmf.di.uminho.pt/b-pomset/?%28a-%3Eb:x + b-%3Ea:x%29*
https://lmf.di.uminho.pt/b-pomset/?%28%28a-%3Eb:x + b-%3Ea:x%29*%29*
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a�b:x ; (b�c:x + b�d:x) ; c�d:x

Rc � =

Choice

ab!x ab?x
bc!x bc?x

bd!x bd?x
cd!x cd?x

((a�b:x ; (b�a:x + b�d:x)) + (a�c:x ; (c�a:x + c�d:x))) ; d�a:x

Rd � =

Choice

Choice

Choice

ab!x ab?x

ac!x ac?x

ba!x ba?x

bd!x bd?x

ca!x ca?x

cd!x cd?x

da!x da?x

Figure 5.3: Two choreographies with the corresponding BPs.

this thesis is on supporting choices, we do not discuss this further and
leave symbolic analyses for loops for future work.

Example 5.3. As an example, we construct the BP Rd in Figure 5.3:
J((a�b:x;(b�a:x+b�d:x))+(a�c:x;(c�a:x+c�d:x)));d�a:xK. Let Ja�b:xK =
({e1, e2},⪯1, λ1,B1), Jb�a:xK = . . ., Jb�d:xK = . . ., Ja�c:xK = . . ., Jc�a:xK =
. . ., Jc�d:xK = . . . and Jd�a:xK = ({e13, e14},⪯7, λ7,B7) as in Figure 5.4.
First, Jb�a:x + b�d:xK = ({e3, . . . , e6},⪯2 ∪ ⪯3, λ2 ∪λ3, {{B2,B3}}); this is
the pairwise union of the first three components, with the branching structure
adding a choice between the two branches. Then Ja�b:x ; (b�a:x+b�d:x)K =
({e1, . . . , e6},⪯1 ∪ ⪯2 ∪ ⪯3 ∪{(e1, e4), (e2, e3), (e2, e5)}, λ1 ∪ λ2 ∪ λ3,B1 ∪
{{B2,B3}}); this is the pairwise union of all components, with the addition
of three dependencies: e2 ⪯ e3 and e2 ⪯ e5 represent the arrows in Figure 5.3
from ab?x to ba!x and bd!x respectively as they all have subject b, while

https://lmf.di.uminho.pt/b-pomset/?Rc
https://lmf.di.uminho.pt/b-pomset/?Rd
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J1K = (∅, ∅, ∅, ∅)
Ja�b:xK = ({e1, e2}, {(e1, e1), (e1, e2), (e2, e2)}, {e1 7→ ab!x, e2 7→ ab?x}, {e1, e2})
Jab?xK = ({e}, {(e, e)}, {e 7→ ab?x}, {e})

Jc1 † c2K = Jc1K † Jc2K for † ∈ {;,+, ∥}
Jc∗K = J(c ; c∗) + 1K

In the following, let Ri = (Ei,≤i, λi,Bi) for i ∈ {1, 2} and let Ea
i be the subset

of events in Ei with subject a.

R1 ∥ R2 = (E1 ∪ E2,⪯1 ∪ ⪯2, λ1 ∪ λ2,B1 ∪ B2)
R1 ;R2 = (E1 ∪ E2,⪯1 ∪ ⪯2 ∪

⋃
a∈A Ea

1 × Ea
2, λ1 ∪ λ2,B1 ∪ B2)

R1 +R2 = (E1 ∪ E2,⪯1 ∪ ⪯2, λ1 ∪ λ2, {{B1,B2}})

Figure 5.4: BP encoding of choreographies.

e1 ⪯ e4 adds a direct dependency between ab!x and ba?x as they both have
subject a. The lower branch of the outer choice is analogous, and the choice
between the two branches then consists of the pairwise union of the first
three components, and the branching structure Bc = {{Bu,Bℓ}}, where
Bu and Bℓ are the branching structures for the upper and lower branches
respectively. Finally, the sequential composition with d�a:x adds the events
e13 and e14, their dependencies and labels, the dependencies corresponding
to the four additional arrows in Figure 5.3 and two additional ones from
ab!x and ac!x to da?x, and the branching structure {e13, e14,Bc}.

Remark (expressiveness). Not all BPs are obtainable from the choreography
language in this chapter. As an example, consider the BP Re in Figure 5.5,
which mirrors the state machine in Figure 1.7: Alice (a) and Bob (b) both send
the other a vote (v), but they must send their own vote before receiving the
other’s. From our choreography language we can obtain BPs for a�b:v and
b�a:v, but we have no compositional operator to compose them in the desired
way: as in the subsequent discussion in Chapter 1, parallel composition adds
no dependencies at all, and sequential composition will also enforce an ordering
on the send and receive events.
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Re � =

ab!v ab?v

ba!v ba?v

Figure 5.5: A BP representing a distributed vote with two voters.

5.4 Equivalence of BP encoding

For any given choreography c we can now derive two labelled transition systems:
one from the operational semantics in Figure 5.2 over c, and one from the BP
semantics in Figure 4.2 over the BP JcK produced by the rules in Figure 5.4. In
the remainder of this section we show that, if c is dependently guarded, then the
two transition systems are bisimilar, i.e., that c ∼ JcK. Recall from Chapter 2
that two systems are bisimilar if they are behaviourally indistinguishable, which
is a stronger condition than language equivalence.

Example 5.4.

• a�b:x ; (b�a:x + b�a:y) is language equivalent but not bisimilar to
(a�b:x ; b�a:x) + (a�b:x ; b�a:y). In the former the choice between
b�a:x and b�a:y is made only after a�b:x, while in the latter the
choice is made up front. As a result, it is possible in the latter system
to fire ab!x ;ab?x and then end up in a state where ba!x cannot be fired
because the branch with b�a:y was chosen — or the other way around;
in the former system it is always possible to fire both ba!x and ba!y.

• a�b:x is bisimilar to a�b:x + a�b:x. While the latter contains a choice,
the two systems cannot be distinguished by their behaviour. In both
cases, the only allowed action is ab!x and then ab?x.

Recall from Chapter 2 that, formally, c ∼ JcK if there exists a relation R such
that (c, JcK) ∈ R and, for every pair (p, q) ∈ R:

• If p σ−→ p′ then q σ−→ q′ and (p′, q′) ∈ R for some q′, and vice-versa.

• If p↓ then q↓, and vice-versa.

This is also the approach we follow when proving that c ∼ JcK for all (de-
pendently guarded) choreographies c: we define a relation R = {(c, JcK) |
c is a dependently guarded choreography} relating all dependently guarded

https://lmf.di.uminho.pt/b-pomset/?Re
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choreographies with their interpretation as BP by the rules in Figure 5.4.
We then show that:

• If c ℓ−→ c′ then JcK ℓ−→ Jc′K (Lemma 5.6).

• If JcK ℓ−→ R′ then c ℓ−→ c′ such that R′ = Jc′K (Lemma 5.7).

• If c↓ then JcK↓ (Lemma 5.8).

• If JcK↓ then c↓ (Lemma 5.9).

Together these lemmas prove that c ∼ JcK for all dependently guarded c
(Theorem 5.10). Most of the proofs are straightforward by structural induction
on c. Of particular interest, however, are the two reduction lemmas in the case
of weak sequential composition, i.e., if c1 ; c2

ℓ−→ c′1 ; c′2 in Lemma 5.6 and if
Jc1 ; c2K

e−→ R′ where e is an event in Jc2K in Lemma 5.7. To prove these specific
cases we need to show a correspondence between partial termination and
enabling events. We do this with Lemma 5.5, in which we show two directions
simultaneously. If the choreography c1 can partially terminate for an action ℓ
in c2 then the BP Jc1 ; c2K can enable the corresponding event. Conversely, if
Jc1 ; c2K can enable some event in Jc2K then the choreography c1 can partially
terminate for its label. When proving these cases in Lemmas 5.6 and 5.7, we
then only have to show that the preconditions of Lemma 5.5 hold.

Lemma 5.5. Let c1 and c2 be dependently guarded choreographies. Let
c2

ℓ−→ c′2 and Jc2K
✓e−→ R′

2 such that λ(e) = ℓ and Jc′2K = R′
2 − e.

(a) If c1
✓ℓ−→ c′1 then Jc1 ; c2K

✓e−→ Jc′1K ;R′
2.

(b) If Jc1 ; c2K
✓e−→ R′

1 ;R′
2 then c1

✓λ(e)−−−→ c′1 and Jc′1K = R′
1.

Proof sketch. This proof is by structural induction on c1. Although the
details require careful consideration, it is conceptually straightforward: every
case in (a) consists of showing that e is minimal and active in Jc′1K ;R′

2 and
that Jc′1K ;R′

2 is the first refinement for which this is true, and then applying
the second rule in Figure 4.2b; every case in (b) consists of showing that
Jc3 ; c2K

✓e−→ Jc′3K ;R′
2, or, depending on R′

1, that Jc3 ; c2K ̸ ✓e−→ Jc′3K ;R′
2, for all

relevant subexpressions c3 of c1. We then apply the induction hypotheses to
obtain c3

✓ℓ−→ c′3 or c3 ̸ ✓ℓ−→ and, finally, apply the partial termination rules in
Figure 5.2c.
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Lemma 5.6. Let c be a dependently guarded choreography. If c ℓ−→ c′ then
JcK ℓ−→ Jc′K.

Proof sketch. This proof is by structural induction on c. We note that, if
c = c1 ; c2 and c′ = c′1 ; c′2, i.e., when partial termination is applied, then
the premises of Lemma 5.5 hold by the induction hypothesis and the result
swiftly follows. All other cases are straightforward.

Lemma 5.7. Let c be a dependently guarded choreography. If JcK ℓ−→ R′ for
some R′ then c

ℓ−→ c′ such that R′ = Jc′K.

Proof sketch. This proof is by structural induction on c. We highlight two
cases:

• If c = c∗1 then we use a technical lemma to show that R′ = R′
1 ; Jc∗1K

such that Jc1K
ℓ−→ R′

1. It then follows from the induction hypothesis
that c1

ℓ−→ c′1 such that Jc′1K = R′
1. The remainder is straightforward.

• If c = c1 ;c2 then JcK = Jc1K;Jc2K. If e is an event in Jc2K then we proceed
to show that Jc2K

ℓ−→ R′
2, at which point we can apply the induction

hypothesis. We have then satisfied the premises of Lemma 5.5. The
remainder is straightforward.

All other cases are straightforward.

Lemma 5.8. Let c be a dependently guarded choreography. If c↓ then JcK↓.

Lemma 5.9. Let c be a dependently guarded choreography. If JcK↓ then c↓.

The proofs for Lemmas 5.8 and 5.9 are both by structural induction on c. All
cases are straightforward.

Theorem 5.10. Let c be a dependently guarded choreography. Then c ∼ JcK.

Proof. Recall R = {(c, JcK) | c is a dependently guarded choreography}.
Let R = JcK. Then:
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• If c ℓ−→ c′ then R ℓ−→ R′ and (c′, R′) ∈ R (Lemma 5.6).

• If R ℓ−→ R′ then c ℓ−→ c′ and (c′, R′) ∈ R (Lemma 5.7).

• If c↓ then R↓ (Lemma 5.8).

• If R↓ then c↓ (Lemma 5.9).

Then R is a bisimulation relation and, since (by definition) (c, JcK) ∈ R, we
conclude that c ∼ JcK.

5.5 Conclusion

This chapter defined a choreography language and its operational semantics
(Figures 5.1 and 5.2, respectively), using the weak sequential composition and
partial termination of Rensink and Wehrheim [RW01], which is novel in the
context of choreographies. We also showed that we can use BPs, as presented
in Chapter 4, to model choreographies (Figure 5.4), and that a BP modelling
a choreography is behaviourally equivalent (bisimilar) to the choreography’s
operational semantics (Theorem 5.10). Together with Chapter 4, this answers
Question 2: combinations of concurrency and choice in choreographies can be
compactly modelled as BPs.

A straightforward path for future work would be to investigate encodings of
existing choreography languages as BPs, in particular global types in multiparty
session types [HYC08].



Chapter 6

Realisability of branching pomsets

This chapter is based on our FACS 2022 paper [FACS22] and on section 5 of
the subsequent JLAMP 2024 paper [JLAMP24]. It also contains part of the
conclusions and related work of these papers. It answers Question 3. As in the
original papers, we omit a number of technical lemmas and most of the proofs in
favour of informal proof sketches or highlights. The omitted proofs and lemmas
can be found in the technical report of our FACS 2022 paper [FACS22 TR].

6.1 Introduction

We have introduced the concept of realisability in Chapter 1, the branching
pomset (BP) model in Chapter 4, and how to encode choreographies as BPs
in Chapter 5. In this chapter we formally define the realisability property for
BPs with send and receive actions. We note that, while Chapter 5 specifically
encoded choreographies as BPs, the analysis in this chapter is solely based on
BPs, regardless of their origin. As such, it is not restricted to BPs obtained
from choreographies, but is more broadly applicable to BPs representing com-
munication protocols — although part of the analysis consists of checking
whether the BP has choreographic properties.

Our analysis draws inspiration from multiparty session types (MPST) [HYC08].
Through its syntax and projection operator, MPST defines a number of well-
formedness conditions on global types which ensure realisability. We define

101
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similar well-formedness conditions on BPs and prove that they ensure realisabil-
ity as well. These conditions are sufficient but not necessary, i.e., a protocol may
be realisable without being well-formed. We discuss some possible relaxations
of the conditions at the end of the chapter.

We use the same set of labels L for BPs as defined in Chapter 5: send and
receive actions ab!x and ab?x, ranged over by ℓ, where ab!x is a send from a to
b of a message of type x and ab?x is the corresponding receive by b.

6.2 Realisability

We model distributed implementations as compositions of a collection of ‘local’
BPs R⃗ and ordered buffers (FIFO queues) b⃗ containing the messages in transit
(sent but not yet received) between directed pairs of processes (or channels),
similar to communicating finite-state machines [BZ83]. A BP is local if it only
contains actions for a single process; a composition should contain one local
BP for each process and one buffer for each channel.

Composition is formally defined below. We use three auxiliary functions:
add(ab:x, b⃗) returns b⃗ with x added to bab, remove(ab:x, b⃗) returns b⃗ with x
removed from bab, and has(ab:x, b⃗) returns whether x is pending in bab. Since
we consider ordered buffers, add appends message types to the end of the
corresponding queue, remove removes message types from the front, and has
only checks whether the first message matches. Formally:

add(ab:x, b⃗) = b⃗[bab · x/bab]
remove(ab:x, b⃗) = b⃗[t/bab] where bab = x · t

has(ab:x, b⃗) ⇔ bab = x · t for some t ∈ X ∗

We note that our termination condition does not require the buffers to be
empty. In practice asynchronous communication channels will typically have
some latency, and requiring empty buffers would require processes (the local
BPs) to be aware of messages in transit. Instead, in our model the presence or
absence of orphan messages (messages unreceived on termination) is a separate
property from realisability, to be verified in isolation. It does, however, follow
from our well-formedness conditions in Section 6.3 that a well-formed and
realisable protocol is also free of orphan messages.
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Definition 6.1 (Composition). Let R⃗ be a process-indexed vector of local
BPs. Let b⃗ be a channel-indexed vector of ordered buffers. Their composition
is the tuple (R⃗, b⃗), whose semantics is defined as the labeled transition
system defined by the rules below.

Ra
ab!x−−→ R′

a

b⃗′ = add(ab:x, b⃗)
(R⃗, b⃗) ab!x−−→ (R⃗[R′

a/Ra], b⃗′)
[Send]

Rb
ab?x−−→ R′

b

has(ab:x, b⃗) b⃗′ = remove(ab:x, b⃗)
(R⃗, b⃗) ab?x−−→ (R⃗[R′

b/Rb], b⃗′)
[Receive]

∀a : Ra↓
(R⃗, b⃗)↓

[Terminate]

A protocol is realisable if there exists a faithful distributed implementation of it,
i.e., one defining the same behaviour. We formally define realisability below. We
note that it is typically defined in terms of language (trace) equivalence [GT19].
However, as the exact branching of choices plays an important part in BPs,
we use a more strict notion of equivalence and require the global BPs and the
composition to be bisimilar, as in Chapter 5. We note that our well-formedness
conditions enforce a deterministic setting, in which bisimilarity agrees with
language equivalence. We then choose to prove bisimilarity rather than language
equivalence because the proofs are typically more straightforward.

Recall from Chapter 2 that two BPs R1, R2 are bisimilar, written R1 ∼ R2, if
(a) for every reduction R1

ℓ−→ R′
1 there exists a reduction R2

ℓ−→ R′
2 such that

R′
1 and R′

2 are again bisimilar, and vice-versa, and (b) R1 can terminate iff R2
can.

Definition 6.2 (Realisability). Let R be a BP. The protocol it represents
is realisable if there exists a composition (R⃗, b⃗) such that bab is empty for
all ab and R ∼ (R⃗, b⃗).

Example 6.3. Consider the BPs in Figure 6.1:

• Rf is unrealisable. Alice and Bob both have to send a yes or a no to the
other but the two messages must be the same. It is impossible without
further synchronisation or communication to prevent a scenario in
which one will send a different message than the other.
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Rf � =

Choice

ab!yes ab?yes

ba!yes ba?yes

ab!no ab?no

ba!no ba?no

Rg � =

Choice

ab!int ab?int

ab!bool ab?bool

ba!yes ba?yes

ba!no ba?no

Rh � =
ab!int ab?int

ab!bool ab?bool

Ri � =

Choice

ab!yes ab?yes

ab!no ab?no

ab!int ab?int

Figure 6.1: A collection of realisable and unrealisable BPs.

• Rg is realisable. Alice first sends an int and then a bool to Bob. After
receiving the int, Bob returns either a yes or a no.

• Rh is unrealisable. Alice sends an int and a bool to Bob, but while
they agree that Alice first sends the int and then the bool, the order in
which Bob receives the message is unspecified. As we assume ordered
buffers, Bob will first receive the int, but the global BP allows an
execution in which Bob first receives the bool.

• Ri is realisable. Alice sends a yes or a no to Bob, followed by an int.

We note that it is easy to go from a global BP R to a local BP for some
process a by projecting it on a, written R⇂a. We will use projections in our
well-formedness conditions and realisability proof, and we formally define them
below. The projection R⇂a restricts R to the events whose subject is a, and
restricts ⪯ and λ accordingly. The branching structure is pruned by removing
all discarded events (leaves), but no inner nodes of the tree are removed, even
if they are left without any children. This is done to safeguard the symmetry
with the branching structure of R to ease our proofs.

https://lmf.di.uminho.pt/b-pomset/?Rf
https://lmf.di.uminho.pt/b-pomset/?Rg
https://lmf.di.uminho.pt/b-pomset/?Rh
https://lmf.di.uminho.pt/b-pomset/?Ri
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Choice

Choice

Choice

ab!x

ac!x

ba?x

ca?x

da?x

Choice

Choice

Choice

ab?x
ba!x

bd!x

Figure 6.2: The projections of the BP Rd in Figure 5.3 on a (left) and b (right).

Definition 6.4 (Projection). (E,⪯, λ,B)⇂a = (Ea,⪯a, λa,Ba) where:

• Ea = {e ∈ E | subj (λ(e)) = a}
• ⪯a = ⪯ ∩ (Ea × Ea)

• λa = λ ∩ (Ea × L)

• Ba = B⇂a as defined below.

e⇂a = e if e ∈ Ea

{C1, . . . , Cn}⇂a = {Ci⇂a | 1 ≤ i ≤ n ∧ Ci⇂a is defined}
{B1,B2}⇂a = {B1⇂a,B2⇂a}

As an example, Figure 6.2 shows the projections of the BP Rd in Figure 5.3
(page 95) on a and b. The events with different subjects are removed, as are
dependencies involving them. All choices and branches remain, even if both
branches of a choice are empty, as is the case for a choice in the projection on
b. We note that, as the graphical representation of a BP shows the transitive
reduction of the causality relation and not the full relation, it is unclear from
just Figure 5.3 whether, for example, the projection on a should contain
a dependency between ab!x and ba?x. However, this is unambiguous in the
choreography included in Figure 5.3, from which Rd is derived, and it follows
from the encoding (Figure 5.4) that the events are related.
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Finally, we prove that R and its projections can mirror each other’s refinements.
Both proofs are straightforward by induction on the structure of the premise’s
derivation tree.

Lemma 6.5. If R ⊒ R′ then R⇂a ⊒ R′⇂a.

Lemma 6.6. If R⇂a ⊒ R′
a then R ⊒ R′ for some R′ such that R′

a = R′⇂a.

6.3 Well-formedness

We define four well-formedness conditions on BPs: to be well-formed, a BP
must be well-branched, well-channeled, tree-like and choreographic. Well-
branchedness, well-channeledness and tree-likeness are inspired by MPST
[HYC08] and ensure some safety properties. Choreographicness ensures that
the BP represents some sort of meaningful protocol.

• Well-branched (Definition 6.8): every choice is made only on the label
of a send-receive pair, i.e., the first events in every branch must be a
send and receive, respectively, between some processes a and b, with the
message type being different in every branch. Additionally, the projection
on every process uninvolved in the choice must be the same in every
branch. Then a and b are both aware of the chosen branch and all other
processes are unaffected by the choice.

Although the BP model only contains binary choices, an n-ary choice C
can be encoded as a nested binary one, where the n children of C become
the leaves of a binary tree. We call such a leaf B an option of C, written
B opt C, which is formally defined below. This allows us to properly
interpret C as an n-ary choice again and reason about it accordingly.

• Well-channeled (Definition 6.9): pairs of sends and pairs of receives
on the same channel that can occur in the same execution should be
ordered, and the pairs of sends should have the same order as the pairs of
their corresponding receives. A BP which is not well-channeled could, for
example, yield a trace ab!x ; ab!y ; ab?y ; ab?x, which cannot be reproduced
by a composition using ordered buffers.

• Tree-like (Definition 6.10): events inside of choices can only affect future
events in the same branch. Graphically speaking, arrows can only enter
boxes, not leave them. As a consequence, the causality relation ⪯ follows
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the branching structure B and has a tree-like shape — hence the name.

• Choreographic (Definition 6.11): the BP represents a choreography of
some sort, i.e., a communication protocol in which the send and receive
events are properly paired and all dependencies can be logically derived.
Specifically, all dependencies are between send-receive pairs or between
same-subject events, or they can be transitively derived from those.
Additionally, there is the following correspondence between the send and
receive events: every send can be matched to exactly one corresponding
receive, and every non-top-level receive has some corresponding send at
the same level of the branching structure B. This definition is similar to
the definition of well-formedness by Guanciale and Tuosto [GT19].

Definition 6.7 (Option). Let B, C � R.B. Then B is an option of C, written
B opt C, if B ∈ {B† | B† opt† C ∧ ∄B‡ : (B‡ opt† C ∧B‡ � B†)}, where opt†
is defined as follows:

B ∈ C
B opt† C

B ∈ C′ {C′} opt† C
B opt† C

Definition 6.8 (Well-branched). A BP R is well-branched if, for every
C � R.B there exist processes a, b such that for every Bi ≠ Bj opt C there
exist events ei1, ei2 ∈ Bi and ej1, ej2 ∈ Bj such that:

• λ(ei1) = ab!x, λ(ei2) = ab?x, λ(ej1) = ab!y and λ(ej2) = ab?y for some
x ̸= y;

• ei1 ⪯ ei for all ei � Bi and ej1 ⪯ ej for all ej � Bj ;
• ei2 ⪯ ei for all ei � Bi for which subj (ei) = b and ej2 ⪯ ej for all
ej � Bj for which subj (ej) = b; and

• R|Bi
⇂c = R|Bj

⇂c for all c ̸= a, b.21

Definition 6.9 (Well-channeled). A BP R is well-channeled if, for all events
e1, e2, e3, e4 ∈ R.E:

21Technically R|Bi
⇂c and R|Bj

⇂c have different events and should thus be isomorphic rather
than precisely equal. We choose to write it as an equality to not unnecessarily complicate
the definition and proofs.
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• If e1 and e2 are either both sends or both receive events, and if they
share the same channel, then they are either causally ordered or
mutually exclusive.

• If e1, e3 and e2, e4 are two pairs of matching send-receive events sharing
the same channel, and if there exists no e5 ∈ R.E such that e1 ≺ e5 ≺
e3 or e2 ≺ e5 ≺ e4, then e1 ⪯ e2 =⇒ e3 ⪯ e4.

Definition 6.10 (Tree-like). A BP R is tree-like if:

∀C = {B1,B2} � R.B : (e1 ⪯ e2 ∧ e1 � Bi) =⇒ e2 � Bi, where i ∈ {1, 2}.

Definition 6.11 (Choreographic). A BP R is choreographic if, for every
e ∈ R.E:

• If there exists e′ ∈ R.E such that e′ ≺ e then there exists some event
e′′ (not necessarily distinct from e′) such that e′ ⪯ e′′ ≺ e and either
subj (λ(e′′)) = subj (λ(e)) or [λ(e′′) = ab!x and λ(e) = ab?x for some
a, b, x].

• If λ(e) = ab?x and e ∈ B for some B � R.B then there exists some e′
such that e′ ∈ B and λ(e′) = ab!x and e′ ≺ e.

• If λ(e) = ab!x then there exists exactly one e′ such that e ⪯ e′ and
that λ(e′) = ab?x and that ∀e† : (λ(e†) = ab!x ∧ e† ⪯ e′) =⇒ e† ⪯ e.

Definition 6.12 (Well-formed). A BP R is well-formed if it is well-branched,
well-channeled, tree-like and choreographic.

Example 6.13. Recall the BPs in Figure 6.1:

• Rf � is not well-formed since it is not well-branched: for example,
the branches of the choice have multiple minimal events. It is indeed
unrealisable.

• Rg � is both well-formed and realisable.

• Rh � is not well-formed since it is not well-channeled: the two re-
ceive events are on the same channel but are unordered. It is indeed
unrealisable.

https://lmf.di.uminho.pt/b-pomset/?Rf
https://lmf.di.uminho.pt/b-pomset/?Rg
https://lmf.di.uminho.pt/b-pomset/?Rh
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• Ri � is not well-formed since it is not tree-like: there are arrows from
events inside branches of a choice to ab!int and ab?int, even though
the latter are not part of the same branch. It is, however, realisable:
by duplicating the events ab!int and ab?int and moving one copy
inside each branch, we obtain an equivalent BP which is well-formed.
This illustrates that, while we later prove that our well-formedness
conditions are sufficient, they are not necessary.

Finally, we show that well-formedness is retained after a reduction.

Lemma 6.14. Let R be a BP and let R ℓ−→ R′. If R is well-formed then so
is R′.

Proof sketch. We use that the components of R′ are subsets of, or derived
from (in the case of the branching structure), the components of R. It then
follows that a violation of one of the well-formedness conditions in R′ would
also invariably lead to a violation of one of the conditions in R.

6.4 Realisability proof

To prove that a BP R’s protocol is realisable, we must show the existence of a
bisimilar composition of local BPs and buffers. We thus define a canonical decom-
position of R by combining projections with a buffer construction. If R is well-
formed, we prove that this decomposition is bisimilar to R. The (re)construction
of the buffer contents of channel ab based on R, written buffab(R), and the
canonical decomposition of R, written cd(R), are defined below.

The buffer construction buffab(R) gathers the receive events in R that have no
preceding matching send event. We infer that, since the send has already been
fired and the receive has not, the message must be in transit.

Definition 6.15 (Buffer construction). Let R be a BP. Let a and b be
processes in R. Let ε be the empty word.

Then buffab(R) =


x · buffab(R′) if R′ = R− e and λ(e) = ab?x

and ∀e′: if e′ ≺ e then λ(e′) ̸= ab!x
and ∀e′, y: if e′ ≺ e then λ(e′) ̸= ab?y

ε otherwise.

https://lmf.di.uminho.pt/b-pomset/?Ri
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The corresponding message types are nondeterministically put in some order
that respects the order of the gathered receive events — if e1 ≺ e2 then e1’s
message type must precede that of e2 in the constructed buffer. We note that all
unmatched receive events are top-level if R is choreographic, and that the same-
channel top-level receive events are totally ordered if R is well-channeled. It
follows that, although it may add duplicate messages and is nondeterministic in
the general case, buffab(R) does not add duplicate messages and is deterministic,
i.e., it is uniquely defined, if R is well-formed — or, more specifically, if R is at
least well-channeled and choreographic.

Definition 6.16 (Canonical decomposition). Let R be a BP. Let R⃗ be such
that Ra = R⇂a for all a. Let b⃗ be such that bab = buffab(R) for all ab. Then
cd(R) = (R⃗, b⃗) is the canonical decomposition of R.

To prove that a well-formed R is bisimilar to cd(R), we define the relation
R = {(R, (R⃗†, b⃗)) | (R⃗†, b⃗) ∼ (R⃗, b⃗) = cd(R)} and we prove that R is a
bisimulation relation (Theorem 6.24). Note that the vector of buffers b⃗ is the
same across the definition; we only allow leeway in the vector of local BPs.
The proof consists of the two parts mentioned in Section 6.2. Given that
(R, (R⃗†, b⃗)) ∈ R, if one can make some reduction then the other must be able
to make the same reduction such that the resulting configurations are again
related by R (Lemma 6.20, Lemma 6.21). Additionally, if one can terminate
then so should the other (Lemma 6.22, Lemma 6.23).

The reason that R is not simply the set of all (R, cd(R)) is that a reduction
from cd(R) may not always result in cd(R′) for some R′. This is because
choices are only resolved in the BP of the process causing the reduction. For
example, consider BP Ri in Figure 6.1. Upon Alice sending yes the global BP
would resolve the choice for both processes simultaneously. However, upon
Alice sending yes in the canonical decomposition the projection on Bob remains
unchanged and still contains receive events for both yes and no. Since yes has
been added to the buffer from Alice to Bob, we know that Bob will eventually
have to pick the branch containing yes — after all, there is no no to receive.
In other words: this configuration is bisimilar to the canonical decomposition
of the resulting global BP, in which the choice has also been resolved for Bob.
If there were also some additional no being sent from Alice to Bob, e.g., if we
replace the messages int in Ri with no, then Ri being well-channeled and the
buffers being ordered would still ensure that we can safely resolve Bob’s choice.
This crucial insight is formally proven in Lemma 6.17.
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Lemma 6.17. Let R be a well-formed BP. Let (R⃗, b⃗) = cd(R). Let ℓ be
some label and let a = subj (ℓ). If R ℓ−→ R′ and if (R⃗, b⃗) ℓ−→ (R⃗[R′

a/R⇂a], b⃗†)
and if R′

a = R′⇂a, then (R⃗[R′
a/R⇂a], b⃗†) ∼ (R⃗′, b⃗′) = cd(R′).

Proof sketch. If ℓ = ba?x for some b, x, then it follows from the well-
formedness of R that R′ = R − e and the remainder is straightforward.
The same is true if ℓ = ab!x and e is top-level, i.e., e ∈ R.B.

Otherwise it follows from the well-formedness of R that e is a minimal
send event in one of the options of a top-level choice, i.e., e ∈ B opt C ∈
R.B for some B, C, and R′ = R|(R.B\C)∪(B−e). We show that the set of
unmatched receive events in R′ is exactly that of R with the addition of
the one corresponding to e, and then b⃗′ = add(ab:x, b⃗) = b⃗†. It follows that
(R⃗[R′

a/R⇂a], b⃗†) = (R⃗[R′
a/R⇂a], b⃗′). For the projections, we proceed in two

steps:

• First we observe that, since R is well-branched, B′⇂c = B⇂c for all
B′ opt C and for all c ̸= a, b. It follows that R⇂c ∼ R′⇂c, and then
(R⃗[R′

a/R⇂a], b⃗′) ∼ (R⃗′[R⇂b/R′⇂b], b⃗′). Note that the projection on a is
R′⇂a and the projection on b is R⇂b on both sides, and the projection
on every other c is bisimilar.

• Next we show that, with the new message added to the buffer, no
event can ever fire in R⇂b in any other option of C than B. It follows
that we can discard all other options, and then (R⃗′[R⇂b/R′⇂b], b⃗′) ∼
(R⃗′, b⃗′) = cd(R′).

To satisfy the preconditions of Lemma 6.17, we additionally prove that R’s
reductions can be mirrored by its projection on the reduction label’s subject
(Lemma 6.18) and dually that the reductions of R’s canonical decomposition
can be mirrored by R (Lemma 6.19). Their proofs rely on the observations that
the corresponding event e must be minimal both in R and in R⇂a, and that
the branching structures of the two are the same (modulo discarded leaves). It
then follows that the same refinement enables e in both R and R⇂a.

Lemma 6.18. Let R be a tree-like BP. If R ℓ−→ R′ and a = subj (ℓ) then
R⇂a

ℓ−→ R′⇂a.
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Lemma 6.19. Let R be a well-channeled, tree-like and choreographic BP.
Let (R⃗, b⃗) = cd(R). If (R⃗, b⃗) ℓ−→ (R⃗[R′

a/R⇂a], b⃗′) then R
ℓ−→ R′ for some R′

such that R′
a = R′⇂a.

Finally, we bring everything together and prove the four necessary steps for
bisimulation in the lemmas below, culminating in Theorem 6.24. The proof
for Lemma 6.20 uses Lemma 6.18 to show the preconditions of Lemma 6.17
and then applies the latter. This gives us cd(R) ℓ−→ cd(R)′ ∼ cd(R′), and since
(R⃗†, b⃗†) ∼ cd(R) the result is then straightforward. The proof for Lemma 6.21
is analogous but uses Lemma 6.19. The proofs for Lemma 6.22 and Lemma 6.23
respectively use Lemma 6.5 and Lemma 6.6 to show that, if one can terminate
by refining to the empty set, then so must the other.

Lemma 6.20. Let (R, (R⃗†, b⃗)) ∈ R. If R is well-formed and R ℓ−→ R′ then
there exist R⃗‡ and b⃗‡ such that (R⃗†, b⃗) ℓ−→ (R⃗‡, b⃗‡) and (R′, (R⃗‡, b⃗‡)) ∈ R.

Lemma 6.21. Let (R, (R⃗†, b⃗)) ∈ R. If R is well-formed and (R⃗†, b⃗) ℓ−→
(R⃗‡, b⃗‡) then there exists R′ such that R ℓ−→ R′ and (R′, (R⃗‡, b⃗‡)) ∈ R.

Lemma 6.22. Let (R, (R⃗†, b⃗)) ∈ R. If R is well-formed and R↓ then
(R⃗†, b⃗)↓.

Lemma 6.23. Let (R, (R⃗†, b⃗)) ∈ R. If R is well-formed and (R⃗†, b⃗)↓ then
R↓.

Theorem 6.24. Let R be a BP. If R is well-formed and buffab(R) = ε for
all ab then the protocol represented by R is realisable.

Proof. It follows from Lemmas 6.20 to 6.23 that R is a bisimulation relation.
Specifically, it then follows that R ∼ cd(R). Then, since buffab(R) = ε for
all ab, by Definition 6.2 the protocol represented by R is realisable.
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Choice

b1s!string b1s?string

sb1!int sb1?int

sb2!int sb2?int

b1b2!int b1b2?int

b2s!ok b2s?ok

b2s!string b2s?string sb2!date sb2?date

b2s!quit b2s?quit

dr!bool dr?bool

kr!bool kr?bool
rc!bool rc?bool

dr!bool dr?bool

kr!bool kr?bool
rc!bool rc?bool

Figure 6.3: BPs representing the two-buyers-protocol� (top) and two iterations
of the simple streaming protocol� (bottom) [HYC08].

6.5 Examples

We briefly look at two example protocols used by Honda et al. [HYC08]. Both
are depicted as BPs in Figure 6.3.

The two-buyers-protocol� (top) features Buyer 1 and Buyer 2 (b1, b2) who
wish to jointly buy a book from Seller (s). Buyer 1 first sends the title of the
book (string) to Seller, Seller sends its quote (int) to both Buyer 1 and Buyer 2,
and Buyer 1 sends Buyer 2 the amount they can contribute (int). Buyer 2 then
notifies Seller whether they accept (ok) or reject (quit) the quote. If they accept,
they also send their address (string), and Seller returns a delivery date (date).

The simple streaming protocol� (bottom) features Data Producer (d) and
Key Producer (k), who continuously respectively send data and keys (both bool)
to Kernel (r). Kernel performs some computation and sends the result (bool) to
Consumer (c). The protocol in Figure 6.3 shows two iterations of this process.

Both BPs are well-formed, and hence the protocols are realisable. We note that,
as in the paper by Honda et al., further communication between Buyers 1 and 2
has been omitted in the two-buyers-protocol. Since this is bound to be different
in the case of acceptance and rejection, because Buyer 2 does not inform
Buyer 1 about their decision, the resulting BP would not be well-branched

https://lmf.di.uminho.pt/b-pomset/?Buyer-seller
https://lmf.di.uminho.pt/b-pomset/?Streaming
https://lmf.di.uminho.pt/b-pomset/?Buyer-seller
https://lmf.di.uminho.pt/b-pomset/?Streaming
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and thus not well-formed — though still realisable. We discuss relaxed well-
branchedness conditions later in this chapter. Also note that the ok and address
(string) messages are sent sequentially; sending these in parallel� would violate
well-channeledness and make the protocol unrealisable with ordered buffers.

The same is true for the streaming protocol: the two iterations are composed
sequentially and doing so concurrently� would violate well-channeledness and
result in unrealisability. The size of the BP for the streaming protocol scales
linearly with the number of depicted iterations; showing all (infinitely many)
iterations would require an infinitely large BP. We have briefly touched upon
infinity in Chapter 4.

6.6 Related work

Realisability Realisability has been well-studied in the last two decades in a
variety of settings. For example, Alur et al. study the realisability of message
sequence charts [AEY03]. They define the notions of weak and safe realisability
of languages, the latter also ensuring deadlock-freedom, and they define closure
conditions on languages which they show to precisely capture weakly and
safely realisable languages. Lohmann and Wolf define the notion of distributed
realisability, where a protocol is distributedly realisable if there exists a set
of compositions such that every composition covers a subset of the protocol
and the entire protocol is covered by their union [LW09]. Fu et al. [FBS04],
Basu et al. [BBO12], Finkel and Lozes [FL17] and Schewe et al. [SAB20]
all study the realisability of protocols on different network configurations
when considering only the sending behaviour — receive events are omitted —
showing necessary and/or sufficient conditions and decidability results. Our
definition of realisability closely resembles the one used by Montesi [Mon23].
As noted by Montesi, there also exist settings which only require soundness,
not completeness. In such a setting, a system is compliant if its behaviour is a
subset of that specified by the choreography; it does not have to cover all of it.

Realisability of pomsets One major source of inspiration for our work has
been the work by Guanciale and Tuosto, in which they presented a realisability
analysis based on sets of pomsets [GT19]. They show how to capture the
language closure conditions of Alur et al. [AEY03] directly on pomsets, without
having to explicitly compute their language. Typically choreography languages
are limited in their expressiveness and any analysis on their realisability is
then language-dependent. Both Alur et al. and Guanciale and Tuosto perform

https://lmf.di.uminho.pt/b-pomset/?BS-ill-chan
https://lmf.di.uminho.pt/b-pomset/?SS-ill-chan
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a syntax-oblivious analysis, which has the benefit of being applicable to any
specification which can be encoded as a set of pomsets, regardless of the
specification language. The analysis by Guanciale and Tuosto is at a higher
level of abstraction than sets of traces. This allows both for a more efficient
analysis and for easier identification of design errors, as these can be identified
in a more abstract model.

Our approach is similarly syntax-oblivious, though the analysis itself is based
on multiparty session types. A major technical difference is that Guanciale and
Tuosto use unordered buffers (e.g., non-FIFO queues) while ours are ordered.
For example, the parallel composition of a�b:x and a�b:y is realisable in the
unordered setting and not in the ordered one. The two settings agree on realis-
ability when the two message types are the same (e.g., two concurrent copies
of a�b:x); while Guanciale and Tuosto explicitly note that they support con-
currently repeated actions, however, our current well-channeledness condition
does not make an exception for these. This is an obvious target for relaxation
of our conditions.

Further inspiration for relaxation of well-formedness conditions can be found
in an earlier paper by the same authors [TG18]. In particular their definition
of well-branchedness, using ‘active’ and ‘passive’ agents, could serve as a basis
for a relaxed version of our own.

A meaningful in-depth comparison between the pomset-based approach by
Guanciale and Tuosto [GT19] and ours, both in terms of expressiveness and
efficiency, would first require further development (relaxation) of our conditions
and is therefore left for future work. In the meantime, one takeaway from their
paper is the performance gain they obtain by lifting the analysis from languages
(sets of traces) to a higher level of abstraction, i.e., sets of pomsets. It would be
interesting to investigate whether a further performance gain can be obtained
by lifting their analysis from sets of pomsets to a model such as branching
pomsets or an appropriate class of event structures.

Multiparty session types The other major source of inspiration for our
work is multiparty session types (MPST), introduced by Honda et al. [HYC08]:

• Our well-branchedness condition corresponds to the branching syntax
of global types in MPST, as introduced in 2008, and its definition of
projection. Branching in global types is done on the label of a single
message, and the projection on agents uninvolved in the choice is only
defined if it is the same in every branch.
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• Our well-channeledness condition corresponds to the principle that same-
channeled actions should be ordered. We note that our condition is more
liberal: we prohibit concurrent sends or receives on the same channel,
while in nearly all MPST systems the projection of a parallel composition
on an agent is undefined if the agent occurs in both parallel branches
(even if those branches’ channels are disjoint); a paper by Jongmans and
Ferreira is a very recent exception [JF23].

• Our tree-likeness condition follows from the syntax of global types in
MPST, which uses a prefix operator rather than the more general sequen-
tial composition. As a consequence all global types are tree-like. The same
is true for other languages that use a prefix operator and not sequential
composition, such as CCS [Mil80] and π-calculus [SW01].

Since its introduction, various papers have addressed the conservativeness of the
well-branchedness condition in MPST. One line of research relaxes the condition
by using a merge operation to allow all agents to have different behaviour
in different branches, as long as they are informed of the choice in a timely
manner [CYH09; Den+12; SY19]. Another line relaxes the condition by allowing
different branches to start with different receivers, rather than enforcing the
same receiver in every branch [DY12; CDP12; BMT14; CDG19; JY20]. These
results may also serve as inspiration for relaxations of the well-branchedness
condition on branching pomsets.

While our current conditions broadly correspond with well-formedness in MPST,
we believe that our approach offers three advantages. First, as discussed before,
it is syntax-oblivious, meaning it is not only applicable to MPST but to
any specification which can be encoded as a branching pomset. Second, we
believe that branching pomsets have the potential to be more expressive than
global types in MPST. As mentioned above, our well-channeledness condition is
already more liberal than the one in MPST. We have described various sources of
possible relaxations for our well-branchedness condition, both in the MPST and
in the pomset literature. Lastly, we conjecture that our tree-likeness condition
is needed to simplify our proofs, and that it is possible — though more complex
— to prove realisability without it (or at least with a relaxed version of it).

6.7 Conclusion

We have defined structural well-formedness conditions on BPs for commu-
nication protocols (Definition 6.12) and have proven that a well-formed BP
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represents a realisable protocol (Theorem 6.24). The conditions are defined
on the syntax of BPs, i.e., on the events, the labelling function, the causality
relation and the branching structure, and their verification does not require
exploring a BP’s semantics; this is showcased in Chapter 7. This answers Ques-
tion 3 positively. Furthermore, since these conditions are defined on BPs, they
are generic: we can use them to reason about choreographies in the language
defined in Chapter 5 and any other language that can be incoded in BPs,
without having to develop a specific analysis for the language in question. Our
conditions are sufficient but not necessary, and relaxations of them are an
important topic for future work. We have discussed several possible relaxations
of well-branchedness in Section 6.6. We now discuss the other three conditions.

Well-channeledness The BP Rh in Figure 6.1 is not well-channeled since
the events labelled with ab?int and ab?bool are unordered. It is unrealisable
because a local system will force the int to be received before the bool while
the global BP allows a different order. However, in this case one may take the
view that the problem is not the local system being too strict, but rather the
global BP being too liberal in an environment with ordered buffers: it should
then in some way allow a user to specify just the two acceptable orderings
without having to resort to adding a choice between the two and duplicating
all events in the BP. Therefore, instead of changing the well-channeledness
condition, another avenue could be to define alternative reduction rules for
branching pomsets themselves (Figure 4.2), specifically tailored to ordered
buffers. This could be done in such a way that reducing Rh by firing ab!int then
automatically adds a dependency from ab?int to ab?bool. Alternatively, the
semantics could be augmented with message queues to include the messages in
transit. The latter would be the more straightforward option. This might allow
the well-channeledness condition to be significantly relaxed or to possibly be
removed altogether.

Tree-likeness Having the assumption of tree-likeness simplifies our proofs. It
is our aim to eventually relax or even remove it and still prove realisability, but
this will require a significantly more complex proof. We have noted in Section 6.6
that global types in MPST and expressions in, e.g., CCS and the π-calculus,
are tree-like by default. Conceptually a non-tree-like BP could potentially
be turned into an equivalent (i.e., bisimilar) tree-like one by distributing the
offending events over the branches of the involved choice. For example, consider
the BP Ri in Figure 6.1. By duplicating ab!int and ab?int and adding a copy
of each with the relevant dependencies to each of the two branches of the
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choice, we obtain a bisimilar but now tree-like (and well-formed) BP. A more
general scheme may be developed based on versions of the CCS expansion
theorem [HM85; FGM91]. However, regaining expressiveness at the cost of
duplicating events effectively negates the benefits of using BPs in the first place.

Choreographicness The choreographicness condition works well for BPs
derived from choreographies, but could eventually be relaxed to also allow more
general BPs. Choreographicness forces the two events in a send-receive pair to
be siblings in the branching structure. For example, in the BP Ri in Figure 6.1
it would be disallowed to distribute ab!int over the choice while leaving ab?int
outside, even though the resulting BP would be bisimilar to Ri.



Chapter 7

Implementation

This chapter is based on section 6 of our JLAMP 2024 paper [JLAMP24]. It
also contains part of the conclusion of this paper. It strengthens the answer to
Question 3 given in Chapter 6.

We developed a companion tool to simulate BPs and analyse their applications
to choreographies. The tool is open-source22, developed in Scala and compiled
into JavaScript (JS). A snapshot of a compiled JS can be executed from an
internet browser at https://lmf.di.uminho.pt/b-pomset/. A subsequent
paper [COORD23] presents the broader toolset of which the BP tool is an
example. The BP tool and several other examples are included in the cor-
responding software artefact, which is available in the Zenodo repository at
https://doi.org/10.5281/zenodo.7888538.

The tool fulfils three main objectives: (1) internal validation, providing us
early insights over alternative notions of well-formedness, (2) dissemination,
to better explain the proposed analysis using an interactive environment, and
(3) algorithmic insights of well-formedness (cf. Section 6.3), by transforming
the declarative definitions into concrete algorithms and identifying possible
bottlenecks. This chapter focuses on the last two objectives, i.e., on how to use
the online tool, and on how to calculate well-formedness.

22https://github.com/arcalab/choreo/tree/b-pomset
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Figure 7.1: Screenshot of the B-Pomset Encoder tool.

7.1 Using the B-Pomset Encoder

A screenshot of our analyser of BPs can be found in Figure 7.1. The tool
displays a collection of widgets, including the “Choreography” widget with an
editor where the user describes the BP to be analysed. Each widget can be
expanded or collapsed by clicking on the widget title; e.g., in the screenshot
the “Choreography” widget is expanded and the “Global LTS” widget is collapsed.
Clicking the refresh button at the top-right of the “Choreography” widget (or
pressing Shift-Enter) updates all expanded widgets.

BPs are described using the choreography language in Chapter 5, and are
visualised in the “Global B-Pomset” widget after being encoded. Since some
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BPs cannot be described by our choreography language, one can also write
actions explicitly (e.g., “a!b:x” represents the action ab!x23) and can extend the
causality relation (e.g., “[1->3]” denotes that the 1st event must precede the
3rd event), where 1 and 3 are the event identifiers depicted in the BP diagram.
The BP Ri in Figure 6.1 can be written as both of the following:

“(a->b:yes + a->b:no) ; a->b:int” �

“((a!b:yes||a?b:yes)+(a!b:no||a?b:no))||a!b:int||a?b:int[1->2,1->5,
2->6,3->4,3->5,4->6,5->6]” �

A list of different examples can be found in the “Examples” widget; clicking any
of them will load this example to the “Choreography” widget.

The remaining widgets provide different analyses, including the following:

• “Global B-Pomset” draws the encoded BP from “Choreography”;

• “B-Pomset Semantics” allows a step-by-step exploration of the reduction
semantics of an encoded BP (Figure 4.2), drawing the intermediate BPs;

• “Choreo Semantics (...)” allows a step-by-step exploration of the reduction
semantics of the provided choreography (Figure 5.2);

• “Well-formed” checks if the BP is well-formed (Definition 6.12); it states
for each well-formedness property whether it holds and gives a counter-
example when it does not by pointing out violating events;

• “Realisability via bisimulation” searches for a bisimulation between the global
LTS and the composition of the projected local LTSs (Definitions 6.1
and 6.4); this acts as our ground truth for realisability (Definition 6.2),
but it is often infeasible due to state explosion;

• “Local B-Pomset” draws the projections of the BP on each process;

• “Global LTS” and “Local LTS” draw state machines using the semantics
of BPs (Figure 4.2) applied to the global and to the projected BPs,
respectively (bounding the number of states to a maximum value);

• “Sequence Diagram (...)” draws a sequence diagram representing the cho-
reography (ignoring the extended causality arrows used to produce non-
choreographic BPs).

23We write a!b:x instead of ab!x to facilitate parsing.

https://lmf.di.uminho.pt/b-pomset/?Ri
https://lmf.di.uminho.pt/b-pomset/?((a!b:yes%7C%7Ca?b:yes)+(a!b:no%7C%7Ca?b:no))%7C%7Ca!b:int%7C%7Ca?b:int[1-%3E2,1-%3E5,2-%3E6,3-%3E4,3-%3E5,4-%3E6,5-%3E6]
https://lmf.di.uminho.pt/b-pomset/?((a!b:yes%7C%7Ca?b:yes)+(a!b:no%7C%7Ca?b:no))%7C%7Ca!b:int%7C%7Ca?b:int[1-%3E2,1-%3E5,2-%3E6,3-%3E4,3-%3E5,4-%3E6,5-%3E6]
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Remark (loops). Our implementation targets only finite BPs. Hence, cho-
reographies with loops are not covered by our analysis. However, the current
version includes experiments with loops, i.e., some analyses will produce some
results for BPs with special branches marked as loops. The theory for this
extension is still under investigation and is not documented in this thesis.

7.2 Realising well-formedness

Our implementation of the algorithm that checks well-formedness realises the
declarative definitions of each of the four sub-conditions (Definition 6.12). It
provides some insights regarding the complexity of verifying these four sub-
conditions. Recall that analysing realisability, as defined in Definition 6.2,
requires traversing the full state-space of our semantics, which explodes ex-
ponentially in the presence of concurrent events. Our implementation avoids
expanding the full state-space by combining multiple traversals over the BP
graph structure, at the cost of rejecting certain realisable protocols. Below
we sketch the implementation of each of these four sub-conditions, providing
evidence that it is less complex than traversing all states.

• Well-branched (Definition 6.8) Our tool finds every choice with branches
B1 and B2. It proceeds by: (1) recursively checking if both branches are
well-branched, (2) finding all leaders in each branch, i.e., events with
no predecessor in the same branch, (3) collecting sending and receiving
processes involved, and (4) verifying that only one leading sender and
receiver are found (i.e., processes involved in events with no predecessors
in the branch), that they are the same in both branches, and that they
have different messages in the two branches. Furthermore, (5) each of these
branches is projected to all remaining processes, and (6) corresponding
projections from both branches are compared using graph isomorphism.24

The causality relation is modelled as a hash-map from events to their
predecessors (not being minimal nor transitively closed). Most operations
are linear in the number of events, whereas the most complex operations
are projecting both branches to all processes that are not in the leading
events (5), and checking if each projection is isomorphic to its neighbour
branch (6).

24We used an existing algorithm for finding isomorphisms of acyclic graphs [Cor+96],
applied to the predecessor relation.
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• Well-channeled (Definition 6.9) Our tool starts by collecting, for each
pair of processes a and b, the sets of channels EM !

ab and EM ?
ab, each

consisting of events and messages (e,m) sent by a and received by b,
respectively. It then proceeds in two parts.

Firstly, for each distinct pair (e1,m1), (e2,m2) ∈ EM !
ab, it checks if e1

and e2 are either related (e1 ⪯ e2 or e2 ⪯ e1) or are mutually exclusive
(in opposing branches of a choice). It also performs the same check for
EM ?

ab.

Secondly, for each set EM ?
ab, it collects every event e paired with a direct

predecessor e′, and for every distinct pair (e′1, e1) and (e′2, e2) from this
set it checks if e1 ⪯ e2 ⇒ e′1 ⪯ e′2.

In these calculations, checking e ⪯ e′ requires traversing the predecessors
from e′ until it finds e, and the direct predecessor relation is computed
once by discarding redundant arcs in the predecessor relation. A worst
case scenario is when the same channel appears in many places, leading to
large sets EM !

ab and EM ?
ab. In turn, this would be a best case scenario to

check well-branchedness, where fewer projections and graph isomorphism
checks would be needed.

• Tree-like (Definition 6.10) Our tool starts by computing the successor
relation by inverting the predecessor relation. It then checks, for every
branch B of every choice, if the set of all successors of its events includes
elements outside that branch.

• Choreographic (Definition 6.11) Our tool pre-computes the successor
relation (inverting the predecessor one), and for every event e proceeds
in three parts.

Firstly, it traverses the predecessors until it finds, in every branch of this
traversal, either (1) an event labelled with a sending action that matches
the action of e, or (2) an event with the same subject.

Secondly, when e is labelled with some ab?m and is inside a branch of a
choice, it checks if any of the neighbour events in the same branch (not
further nested) is also a predecessor and labelled with a matching ab!m.

Thirdly, when e is labelled with some ab!m, it uses the successor relation
to traverse all its successors. When finding an event with a matching
ab?m, our tool collects it, paired with the set of events ab!m passed by
during the traversal. It then checks if exactly one of these pairs has e as
its only predecessor.
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This informal explanation provides an overview of the set of traversals over the
BP graph required to verify the four conditions that guarantee well-formedness.
It also highlights the compactness of the formal definitions with respect to their
realisation. Intuitively, we expect our implementation to have polynomial (time)
complexity, corresponding to situations where, for every event, we need to reason
over its neighbours in a branch or its predecessors (as in the choreographicness
check). Furthermore, checking if a BP is well-channelled, when all its n events
are labelled with sending actions ab!mi over the same agents and different
messages mi, would require comparing all pairs of messages (complexity O(n2)).
Each of these comparisons could further require traversing the predecessor
relation, which in the worst case could mean traversing the n events. In any
of these scenarios, the complexity is well below the exponential complexity
required to analyse realisability via bisimulation25, and can be validated by
experimenting with the online tool.

7.3 Performance evaluation

We executed most examples mentioned in our JLAMP 2024 paper [JLAMP24],
most of which also appear in this thesis, and measured the time to compute well-
formedness and realisability (via bisimulation). We used the same source code,
but compiled to and executed from a Java Virtual Machine, instead of using
JavaScript. The results are presented in Table 7.1, using the abbreviations WB
(well-branched), WC (well-channeled), TL (tree-like), and CH (choreographic).
Each measurement was repeated ten times — we write a± δ to capture both
the average a and the standard deviation δ. The ratio in the last column shows
the average time required to check well-formedness relative to that required to
check realisability via bisimulation; the lower the ratio, the larger the speed-up.

The experiments presented here do not aim at exploring corner cases regarding
best- and worst-scenarios for well-formedness. Instead, the goal is to illustrate
that, as discussed in Section 7.2, checking well-formedness does not suffer the
same state explosion problem as a search for a bisimulation over the state-space.

Based on the results in Table 7.1, we draw three main conclusions.

1. The ratios in the rightmost column indicate that, in all examples, check-
ing well-formedness is one order of magnitude faster than checking
bisimulation-based realisability (ratio between 10%–100%), two orders

25Note that checking bisimilarity can be done in polynomial time [BGS92]. However,
computing the LTS may be exponential.
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Table 7.1: Time (µs) to infer well-formedness and realisability via bisimulation
of the examples in our JLAMP 2024 paper; values with filled backgrounds
represent tests that reject the BP. The page numbers in the first column refer
to the page number in this thesis, where applicable.

pg. BP Well-formed Realisable RatioWB WC TL CH Total

- cfst � 282 204 39 177 703±133 53 833±13 795 1.30%
- cstrictsnd

� 490 270 103 241 1 106±322 101 922±10 606 1.08%
- clenient

snd
� 407 292 66 303 1 070±123 113 523±3 168 0.94%

92 c1 � 79 81 34 84 279±98 5 759±1 372 4.84%
95 Rc � 48 86 47 77 260±41 2 204±326 11.80%
95 Rd

� 53 109 43 153 359±42 7 121±341 5.05%
97 Re � 1 48 1 45 96±41 1 326±403 7.27%

104 Rf
� 63 94 34 72 265±65 2 253±164 11.77%

104 Rg � 73 100 20 104 298±62 5 936±480 5.02%
104 Rh

� 1 38 3 35 78±46 702±91 11.10%
104 Ri

� 74 87 67 65 294±74 2 713±261 10.85%
108 Ri tree-like� 101 110 30 90 333±74 2 846±445 11.69%
113 2-buyers� 197 195 39 600 1 032±77 28 397±2 039 3.64%
113 streaming� 1 140 1 220 364±190 56 151±2 532 0.65%
114 2-buyers ill� 201 49 42 514 807±132 27 066±3 127 2.98%
114 streaming ill� 1 96 1 100 200±65 8 371 116±201 610 0.00%

(1%–10%), or even three or more orders (< 1%). Furthermore, we note that
the speedup of checking well-formedness tends to be larger in cases where
checking realisability is relatively expensive (i.e., relatively high values in
the “Realisable” column). This suggests that checking well-formedness
scales better than checking realisability.

2. In three examples, the check for well-formedness was negative, while the
check for realisability was positive (cstrictsnd , clenient

snd , and Ri). This demon-
strates that well-formedness is a sound, but incomplete, condition that
conservatively approximates realisability. An important piece of future
work is to make well-formedness more liberal while keeping favourable
algorithmic properties.

3. Regarding the sub-conditions of well-formedness, checking tree-likeness
tends to be the cheapest among the four. Neither one of the three other
sub-conditions clearly stands out as being the most expensive one; it
tends to depend on the structure of the BP under consideration.

https://lmf.di.uminho.pt/b-pomset/?(c-%3Ea:r ; (a-%3Ec:y + a-%3Ec:n))%7C%7C(c-%3Eb:r ; (b-%3Ec:y + b-%3Ec:n))
https://lmf.di.uminho.pt/b-pomset/?Review%20%28strict%29
https://lmf.di.uminho.pt/b-pomset/?Review
https://lmf.di.uminho.pt/b-pomset/?%28a-%3Eb:x+a-%3Ec:x%29;%28d-%3Eb:x+d-%3Ee:x%29
https://lmf.di.uminho.pt/b-pomset/?Rc
https://lmf.di.uminho.pt/b-pomset/?Rd
https://lmf.di.uminho.pt/b-pomset/?Re
https://lmf.di.uminho.pt/b-pomset/?Rf
https://lmf.di.uminho.pt/b-pomset/?Rg
https://lmf.di.uminho.pt/b-pomset/?Rh
https://lmf.di.uminho.pt/b-pomset/?Ri
https://lmf.di.uminho.pt/b-pomset/?Ri%20%28tree-like%29
https://lmf.di.uminho.pt/b-pomset/?Buyer-seller
https://lmf.di.uminho.pt/b-pomset/?Streaming
https://lmf.di.uminho.pt/b-pomset/?BS-ill-chan
https://lmf.di.uminho.pt/b-pomset/?SS-ill-chan
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We note that we consider these experimental results preliminary; a more extens-
ive practical evaluation is needed to better understand, e.g., the performance
of our approach in corner cases. However, we do believe that Table 7.1 already
gives an encouraging general impression.

7.4 Future work

We conclude this chapter with a brief discussion of future work.

Throughout this thesis we discuss a number of variations of BPs. In particular,
BPs are currently unable to represent infinitely many sequences in a finite
manner, as evidenced by the infinite unfolding in the encoding of loops in
Chapter 5. We discuss this further in Chapter 8. Our current implementation
includes some experimental support to represent loops symbolically, to enable
analysis on them. We plan to further investigate the theory behind this, or the
alternatives mentioned in Chapter 8. Any other additions to the model, such
as the n-ary choices mentioned in Chapter 4, could also be added to the tool.



Chapter 8

Conclusion

We started this thesis in Chapter 1 by introducing the reader to choreographies.
We presented their main benefits: designing distributed systems from a global
perspective with a guarantee of certain safety properties. Conversely, we also
discussed their drawbacks: the restricted expressiveness of existing choreography
languages, and the realisability problem. We proceeded by posing three questions
about these drawbacks, which we studied extensively in Chapters 3 to 7. We
conclude the thesis by summarising the answers to these questions, and we
discuss several avenues for further research that we deem interesting.

8.1 Research questions

Question 1. Does there exist a choreography language capable of specifying
all communication-error-free regular communication protocols?

Chapter 3 answers this question positively, both for regular and ω-regular
languages, the latter dealing with infinite words. Specifically, we leverage the
shuffle on trajectories operator [MRS98] to answer an equivalent question in
formal language theory. As discussed in Chapter 3, this answer does not consider
realisability, and the shuffle on trajectories operator, while versatile, is not
straightforward to apply in practice for either design or analysis. Nevertheless,
we believe that the theoretical results have merit, and that the shuffle on
trajectories operator may be useful in the design of choreography languages by
generalising other operators.
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Question 2. Can we design a model that compactly represents combinations
of concurrency and choice in choreographies?

Chapter 4 introduces branching pomsets (BPs), which extend pomsets with
a branching structure to encode choices. We also compare BPs with several
classes of event structures (ESs), which extend posets with a different choice
mechanism. BPs define an interesting new class of behaviour: while ESs use a
more expressive choice mechanism, the enabling relation of BPs allows it to
model complex dynamic behaviour. Consequently, BPs are incomparable with
most existing classes of ESs, and are only contained in the most expressive
classes of dynamic ESs. Chapter 5 shows how BPs can be used to model the
behaviour of choreographies, resulting in a compact model for choreographies
containing both concurrency and choices.

Question 3. Can we define well-formedness conditions on branching pomsets
such that they are both easily verifiable and sufficient to prove realisability?

Chapter 6 defines well-formedness conditions on BPs and proves that any well-
formed BP represents a realisable communication protocol. Since the conditions
are structural, their verification can be performed by examining the events,
their labels, the causality relation, and the branching structure; there is no
exploration of the semantics. As further shown in Chapter 7, this yields an
efficient analysis. Furthermore, the conditions are defined on BPs and are
thus generic: they can be applied to any choreography language that has a BP
encoding, such as the one in Chapter 5, without the need to develop any specific
analysis for that language. The conditions are sufficient but not necessary, and
there are (many) cases in which a realisable BP is not well-formed. We discuss
possible relaxations of the conditions in Chapter 6.

8.2 Future work

Chapters 3 to 7 discuss various topics for further research specific to those
chapters. Notably, we suggest further study of BPs and their relation with
existing models of concurrency, and of relaxations of our well-formedness
conditions. We conclude this chapter by discussing a number of further topics
for future work.

Context-free choreographies While existing choreography languages are
typically regular, recent years have also shown some interest in context-free
languages, as evidenced by the work on context-free (binary) session types,
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introduced by Thiemann and Vasconcelos [TV16; Pad17; Alm+21; SMV23].
It would be interesting to see if the shuffle on trajectories operator could
contribute to the study of context-free choreography languages. As discussed in
Chapter 3, this is challenging since context-free languages are not closed under
the shuffle on trajectories operator. A consideration could thus be to first study
related language classes, in particular visibly pushdown languages [AM04], a
subset of context-free languages that retains many of the desirable closure and
decidability properties of regular languages.

Infinite BPs While BPs extend pomsets with choices, they do not add
any mechanism for recursion or repetition. As such, encoding infinitely many
possible (finite) sequences requires an infinitely large BP, as shown in the
encoding of loops as infinitely unfolded choices in Chapter 5. The same is
true for ESs. All our proofs also hold for infinite BPs, but any analysis of
these will have to be symbolic until BPs support a finite representation of
infinite behaviour. We envision three possible directions for accomplishing
this. One possibility would be to add an explicit repetition construct to the
branching structure (e.g., change the second grammatical rule of Definition 4.1
to C ::= e | {B1,B2} | B∗) and expand the semantics and proofs accordingly.
Alternatively, a solution might be found in the extension from message sequence
charts (MSCs) to MSC-graphs [ITU11]. A similar extension could be developed
for BPs, where the BPs are sequentially composed in a (possibly cyclic) graph.
Finally, it may be possible to leverage the more recently introduced pomset
automata [Kap+19].

Well-formedness for event structures Because of the close relation
between BPs and ESs, it is tempting to try to adapt the well-formedness
conditions defined in Chapter 6 to the latter. We believe, however, that this is
not straightforward. Our well-branchedness condition in particular reasons over
choices and their branches, which poses a problem in two ways: (1) ‘choices’ in
the sense of well-branchedness are only represented implicitly in ESs, which
would require extracting them first, and (2) as stated in Chapter 4, ESs can
describe more complex choices than BPs, which would require a different way
of reasoning about them. A more promising approach might be to in some way
apply the notion of ‘active’ and ‘passive’ agents in the well-formedness condi-
tions for pomsets by Guanciale and Tuosto [TG18] to ESs. Well-formedness
of ESs is also discussed by Castellani et al. in a recent paper on ES semantics
for multiparty sessions [CDG23], where they also reference the conditions by
Guanciale and Tuosto.
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Encoding shuffles on trajectories as BPs The shuffle on trajectories
operator could be used to increase the expressiveness of choreography languages.
Simultaneously, models such as BPs and ESs can compactly model choreography
behaviour. A major step forward would then be to join these two lines of research
and find an encoding of shuffles on trajectories as, e.g., BPs. We note that a
straightforward approach would be to, at least for regular languages, translate
shuffles on trajectories to automata, the automata to regular expressions, and
the regular expressions to BPs (cf. Figure 5.4). However, a BP obtained this
way may grow very large, and the challenge is thus to find an efficient (and
preferably direct) encoding. We recently presented a very first step in this
direction, in which we explore the application of the shuffle on trajectories
operator to individual posets [iFM23].

API generation In a recent paper [ECOOP22] we have investigated API
generation for multiparty session types, and how two forms of combinatorial
explosion can be avoided by leveraging both the pomset framework by Guanciale
and Tuosto [GT19] and the match types feature in Scala 3. These APIs can
verify at compile time whether an implementation is compliant with respect to
a projected choreography. We believe that this can be further explored in the
context of BPs.



Appendix A

Additional proofs for Chapter 3

Theorem 3.2. Let M = (Q,Σ, δ, q0, F ) be a finite automaton. Then M is
balanced iff there exists a certificate ∇ : Q× N+ → Z such that, for all i:

• ∇(q, i) ≥ 0 for all q ∈ Q;

• ∇(q, i) = 0 for q = q0 and for all q ∈ F ; and

• if (p, σ, q) ∈ δ then ∇(q, i) = ∇(p, i) + ∇(σ, i), where ∇(σ, i) = 1 if
σ = [i, ∇(σ, i) = −1 if σ = ]i and ∇(σ, i) = 0 otherwise.

Proof. We prove the two directions separately.

Certificate → balanced. First we show that, if an automaton M satisfies
the conditions stated in the theorem, then its language must be balanced.
Note that, if M ’s language is empty, then, by assumption, it consists of a
single state and contains no transitions. It then clearly satisfies the conditions
and its language is balanced. For the remainder of this proof, we assume
that M ’s language is not empty, that F is not empty, that every state in Q
can be reached from q0 and that every state in Q can reach some state in F .

We use the state elimination method by Brzozowski and McCluskey [BM63]
to construct a regular expression e from M and then show that e is balanced.
The construction extends the transitions of the automaton to contain not
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only alphabet symbols but regular expressions. We thus extend the conditions
stated in the theorem in two ways:

• We extend the third condition in the theorem to handle regular ex-
pressions: if (p, e, q) ∈ δ then ∇(q, i) = ∇(p, i) + ∇(e, i), with ∇(e, i)
as defined in Figure 3.4. Note that this condition subsumes the earlier
one, so M initially satisfies this new one as well.

• We add a fourth condition: if (p, e, q) ∈ δ then ∇min(e, i) +∇(p, i) ≥ 0.
Again, M initially satisfies this condition: if (p, ]i, q) ∈ δ then, since
∇min(]i, i) = −1, ∇(q, i) = ∇(p, i) − 1 and ∇(q, i) ≥ 0, it follows
that ∇min(]i, i) + ∇(p, i) ≥ 0. If (p, e, q) ∈ δ and e ∈ {ε, [i, [j , ]j}
with j ≠ i, then ∇min(e, i) = 0 and, since ∇(p, i) ≥ 0, it follows that
∇min(e, i) + ∇(p, i) ≥ 0.

We show that these properties are retained by the state elimination method.

First, we amend M by adding a new initial state q′0 with no incoming
transitions and a single outgoing empty transition to the previous initial
state q0. Similarly, we add a new state qf with no outgoing transitions and an
incoming empty transition from every final state in F ; we then change F so
that qf is the sole final state. Since the corresponding transitions are empty,
we can assign ∇(q0, i) = ∇(qf , i) = 0 without violating any conditions. The
automaton’s language is unchanged.

Whenever we obtain two parallel transitions (p, e1, q) and (p, e2, q), we
replace them with a single transition (p, e1 + e2, q). We then know that
∇(e1, i) = ∇(q, i) −∇(p, i) = ∇(e2, i) for all i, from which it follows that
∇(q, i) = ∇(p, i) +∇(e1 + e2, i). Furthermore, as we have both ∇min(e1, i) +
∇(p, i) ≥ 0 and ∇min(e2, i) + ∇(p, i) ≥ 0, it also follows that ∇min(e1 +
e2, i) + ∇(p, i) = min(∇min(e1, i),∇min(e2, i)) + ∇(p, i) ≥ 0.

We pick any state q to be removed. Let e2 be the expression on the self-
loop for q if it has one. For any incoming transition (p, e1, q) and outgoing
transition (q, e3, s), we add the transition (p, e1e

∗
2e3, s) (or (p, e1e3, s) if q

has no self-loop), which replaces the path from p to s via q. We then remove
q and all its transitions, and repeat this step until all states have been
removed except for q0 and qf . The result is an automaton with a single
transition (q0, e, qf ), where L(e) = L(M).
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If the removed state q has a self-loop, then

∇(s, i) = ∇(q, i) + ∇(e3, i)
= ∇(p, i) + ∇(e1, i) + ∇(e3, i)
= ∇(p, i) + ∇(e1, i) + ∇(e∗2, i) + ∇(e3, i)

(since ∇(e2, i) = ∇(e∗2, i) = 0)

= ∇(p, i) + ∇(e1e
∗
2e3, i)

Furthermore, either

• ∇min(e1e
∗
2e3, i) = ∇min(e1, i), in which case ∇min(e1, i) + ∇(p, i) ≥ 0;

or

• ∇min(e1e
∗
2e3, i) = ∇(e1, i) + ∇min(e2, i), in which case ∇(e1, i) +

∇min(e2, i) + ∇(p, i) = ∇min(e2, i) + ∇(q, i) − ∇(p, i) + ∇(p, i) =
∇min(e2, i) + ∇(q, i) ≥ 0; or

• ∇min(e1e
∗
2e3, i) = ∇(e1, i) + ∇(e2, i) + ∇min(e3, i). Since ∇(e2, i) = 0,

analogously to the previous case ∇(e1, i) + ∇min(e3, i) + ∇(e2, i) =
∇min(e3, i) + ∇(q, i) ≥ 0.

If q has no self-loop then, by the above, ∇(s, i) = ∇(p, i) + ∇(e1e3, i) and
∇min(e1e3, i) + ∇(p, i) ≥ 0.

Finally, for the resulting expression e, we then have ∇(e, i) = ∇(qf , i) −
∇(q0, i) = 0 − 0 = 0 and ∇min(e, i) = ∇min(e, i) + ∇(e, i) ≥ ∇(q0, i) = 0. It
follows that ∇min(e, i) = 0, and then, by Theorem 3.7, e is balanced.

Balanced → certificate. We now show that, if M is balanced, then
there exists a certificate satisfying the stated conditions. If M ’s language
is empty, then, by assumption, it consists of a single state q and contains
no transitions. Assigning ∇(q, i) = 0 then satisfies all conditions. For the
remainder of this proof, we assume that M ’s language is not empty, that F
is not empty, that every state in Q can be reached from q0 and that every
state in Q can reach some state in F .

Let i ∈ N+. We iteratively assign an i-balance to the states in Q, starting
with ∇(q0, i) = 0. Then, as long as there exists a transition (p, σ, q), where p
has an i-balance and q does not, we assign ∇(q, i) = ∇(p, i) + ∇(σ, i), with
∇(σ, i) as in Figure 3.4. Since every state in Q is reachable from q0, this
process will eventually assign an i-balance to every state, which will match
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the i-balance of some word leading to it. Note that every word leading to a
state of M is a prefix of some word in L(M).

Suppose, for the sake of contradiction, that the constructed certificate
violates one of the conditions stated in the theorem:

• If ∇(q, i) < 0 for some q ∈ Q, then some word in L(M) has a prefix
with a negative i-balance, and M is unbalanced.

• If ∇(q, i) ̸= 0 for some q ∈ F (recall that we fixed ∇(q0, i) = 0, so we
can omit that possible violation), then M accepts an unbalanced word
and M is unbalanced.

• If ∇(q, i) ̸= ∇(p, i) + ∇(σ, i) for some (p, σ, q) ∈ δ, then q can be
reached through words with different i-balances, and then M will
accept words through words with different i-balances. In other words:
M is unbalanced.

Any violation of the conditions on ∇ will thus also violate our assumption
that M is balanced. Since this holds for any i, we conclude that the stated
conditions hold for every i.

Theorem 3.15. Let M = (Q,Σ, δ, q0, F ) be a Muller automaton. M is
balanced iff there exist lower and upper bounds on the i-balance of every
state in Q (respectively ∇L(q, i) and ∇U (q, i) for a state q) such that, for
every i,

(i) ∇L(q0, i) = ∇U (q0, i) = 0;

(ii) ∇L(q, i) ≥ 0 for every q ∈ Q;

(iii) ∇L(q, i) ≤ ∇L(p, i)+∇(σ, i) ≤ ∇U (p, i)+∇(σ, i) ≤ ∇U (q, i) for every
(p, σ, q) ∈ δ; and

(iv) for every {f1, . . . , fℓ} ∈ F (representing a nonempty language), either
there exist some j, k such that (∇L(fj , i),∇U (fj , i)) ̸= (∇L(fk, i),
∇U (fk, i)), or ∇L(fj , i) = ∇U (fj , i) = 0 for every j.

Proof. We prove the two directions separately.

Bounds → balanced. First we prove that, if there exist bounds as
described, then M is balanced. The general idea is to assume that |F | = 1
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and apply the construction by McNaughton [McN66] to obtain an automaton
accepting roughly the same language, to which we apply M ’s certificate.
Using the state elimination method by Brzozowski and McCluskey [BM63],
as featured in the proof of Theorem 3.2, we transform this automaton into
two regular expressions eα, eβ , such that eαeωβ = L(M). The corresponding
balance follows from the construction and the original certificate of M .

If M ’s language is empty, then it is balanced by default. If M ’s language
is not empty, then it is the union of the languages of the Muller automata
(Q,Σ, δ, q0, {f}) for all f ∈ F . We can thus assume, without loss of generality,
that |F | = 1.

Let {f1, . . . , fk} be the single element in F . As per McNaughton’s construc-
tion, let α be the language of all the words taking M from q0 to state f1 and,
for every 1 ≤ i ≤ k, let βi be the language of all words taking M from state
fc to state fi+1 — or from fk to f1 if i = k — without visiting any states
other than those in {f1, . . . , fk}. It follows that L(M) = α(β1β2 . . . βk)ω.

By definition, α is accepted by the finite automaton Mα = (Q,Σ, δ, q0, {f1}).
For every i, βi is accepted by the finite automaton Mβi = ({f1, . . . , fk},Σ,
δ′, {fi}, {fi+1}), the last member being f1 for Mk. Here δ′ consists exactly
of all transitions in δ between states in {f1, . . . , fk}.
We construct a finite automaton M ′ by concatenating Mα,Mβi : we add an
empty transition from the final state of Mα to the initial state of Mβ1 , and
one from the final state of Mβi

to the initial state of Mβi+1 for every i < k.
Then L(M ′) = αβ1β2 . . . βk.

Mα Mβ1 Mβ2
. . . Mβk

ε ε ε ε

Note that, since all states and transitions in M ′ are copies of those in M , and
the states linked by the new empty transitions are copies of the same state
in M , we can assign to every state the balance tuple of the corresponding
original state in M , which then satisfies conditions (i, ii, iii).

By applying the state elimination method, we can reduceM ′ to an automaton
M ′′ with k + 2 states and k + 1 transitions:

q′
0 q1 q2 . . . qk qf

eα e1 e2 ek−1 ek
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In this automaton M ′′, q′0 and qf are the new initial respectively final state
added by the construction. Since q′0 is added with an empty transition to
the initial state of M ′, q0, and no incoming transitions, it is consistent to
assign ∇(q′0, i) = ∇(q0, i) = (0, 0). Similarly, since qf is added with an empty
transition from the final state of M ′, f1, and no outgoing transitions, it is
consistent to assign ∇(qf , i) = ∇(f1, i). For every 1 ≤ i ≤ k, qi is the initial
state of Mβi

. The automaton is obtained by eliminating all other states. It
can then be reduced even further to an automaton M ′′′ with three states
and two transitions, by eliminating states q2, . . . , qk:

q′
0 q1 qf

eα eβ = e1e2 . . . ek

By this construction, L(eα) = α and L(ei) = βi for every 1 ≤ i ≤ k, and
thus L(eαeωβ ) = α(β1β2 . . . βk)ω = L(M).

A straightforward inductive argument (analogous to the one in the proof of
Theorem 3.2) will show that the following properties are retained by the
state elimination method:

For every (p, e, q) ∈ δ and for every i,

(a) ∇L(q, i) ≤ ∇L(p, i) + ∇L(e, i);

(b) ∇U (q, i) ≥ ∇U (p, i) + ∇U (e, i); and

(c) ∇min(e, i) + ∇L(p, i) ≥ 0.

Let n ∈ N+. As stated before, ∇(q′0, n) = (0, 0). Since q1 is the initial state
of Mβ1 , i.e., f1, and ∇(qf , n) = ∇(f1, n), it follows that ∇(eβ , n) = (0, 0).
By condition (iv), we can distinguish two cases:

• ∇(fi, n) = (0, 0) for every 1 ≤ i ≤ k, in which case it follows
from ∇(q′0, n) = (0, 0) and (iii) that ∇(eα, n) = (0, 0), and then
∇(eαeωβ , n) = (0, 0).

• ∇(fi, n) ̸= ∇(fj , n) for some i ̸= j. Without loss of generality,
let i < j. A straightforward argument by contradiction gives us
that ∇(ei . . . ej−1, n) = (ℓ, ℓ) for some ℓ ̸= 0. It then follows from
Lemma 3.17(ii) and Lemma 3.16(i) that ξ(ei . . . ej−1, n), and then
that ξ(eβ , n), that ξω(eωβ , n) and therefore that ∇(eαeωβ , n) = (0, 0).
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In both cases, ∇(eαeωβ , n) = (0, 0). Since ∇min(eα, n) ≥ 0 −∇L(q0, n) = 0
and

∇min(eβ , n) + ∇L(eα, n) ≥ 0 −∇L(f1, n) + ∇L(eα, n) (c)

≥ 0 −∇L(q0, n) −∇L(eα, n) + ∇L(eα, n) (a)

≥ 0 (∇L(q0, n) = 0)

and ∇min(e, n) ≤ 0 for all e, it follows that ∇min(eαeωβ , n) = 0. Since this
holds for all n, it follows from Theorem 3.19 that eαeωβ is balanced and then
so is M .

Balanced → bounds. We now prove that, if M is balanced, then there
exist lower and upper bounds on the balances of the states of M as described
in the theorem. For each state q ∈ Q, we can obtain a regular expression
eq describing all the finite words leading to it — for example using the
Brzozowski and McCluskey state elimination method. To each state we
assign the balance bounds of the corresponding regular expression, as defined
in Figure 3.18. We show that this assignment satisfies the conditions stated
in the theorem.

First note that these regular expressions describe sets of prefixes of words in
L(M); it then follows that they must satisfy the conditions of Lemma 3.18,
which then states that their bounds are defined. For the remainder of this
proof, fix i. We now turn to the four conditions:

(ii) Let q ∈ Q. Recall that eq describes a set of prefixes of words in L(M),
from which it follows that the i-balance of any word in L(eq) is at
least 0. Then, by Lemma 3.17(iii), ∇L(eq, i) ≥ 0 and, consequently,
∇L(q, i) ≥ 0.

(i) Since ε ∈ L(eq0), it follows from Lemma 3.17(ii) that ∇L(q0, i) ≤ 0.
Recall from (ii) that ∇L(q0, i) ≥ 0. Then ∇L(q0, i) = 0.

Suppose, for the sake of contradiction, that ∇U (q0, i) > 0. It follows
from Lemma 3.17(iii) that there is a path from q0 to q0 with more
opening than closing i-parentheses. Since there is no limit on the
number of times this path may be travelled, this would mean that
L(M) is unbounded and thus, contrary to our premise, also unbalanced.
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(iii) Let (p, σ, q) ∈ δ. It follows from Lemma 3.17(iii) that there exists some
w ∈ L(ep) such that ∇(w, i) = ∇L(ep, i) = ∇L(p, i). Then wσ ∈ L(eq)
and, consequently, it follows from Lemma 3.17(ii) that ∇L(eq, i) ≤
∇(wσ, i) = ∇L(p, i) + ∇(σ, i). Analogously, ∇U (p, i) + ∇(σ, i) ≤
∇U (q, i). Finally, it follows from Lemma 3.17(ii) that ∇L(ep, i) ≤
∇U (ep, i) and thus that ∇L(p, i) + ∇(σ, i) ≤ ∇U (p, i) + ∇(σ, i).

(iv) Let {f1, . . . , fℓ} ∈ F represent a nonempty language. Suppose, for
the sake of contradiction, that ∇(f1, i) = . . . = ∇(fℓ, i) ̸= (0, 0), i.e.,
neither of the cases specified in the theorem hold. We can then focus on
∇(f1, i). Since ∇U (f1, i) ≥ ∇L(f1, i), it follows that ∇U (f1, i) > 0. It
follows from Lemma 3.17(iii) that there exists some word leading to f1
with a nonzero i-balance. Since f2, . . . , fℓ have the same i-balances as
f1, there cannot be any transitions labelled with i-parentheses within
{f1, . . . , fℓ}. Consequently, the acceptance criterion {f1, . . . , fℓ} will
lead M to accept a word with a finite, nonzero number of unmatched
opening i-parentheses, which contradicts our premise that M is bal-
anced.

Since this holds for any i, we conclude that the assigned balance bounds
satisfy all conditions stated in the theorem.
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Dynamic causality event structures

In this appendix we compare the expressiveness of dynamic causality event
structures (DCESs) [Arb+18] with that of the variant with counters (DCCESs)
defined in Definition 4.21, and with branching pomsets (BPs) as defined in
Definitions 4.27 and 4.28. Specifically, we show that DCESs are incomparable
with both.

We first give the original semantics of DCESs. Recall that DCESs and DCCESs
share the same syntax and only differ in semantics. Recall from Definitions 4.20
and 4.21 and the discussion preceding them that, for DCCESs, an event e
causes another event e′ at a given stage of computation if the causality has
been added more times than that it has been dropped. In other words: the
causality relation at a given stage of computation is independent of the order
in which the preceding events occurred. In contrast, causalities in DCESs are
order-sensitive: the last addition or drop determines whether a causality is
present at the current stage. Therefore, configurations in DCESs need to be
paired with an ordering.

In the following definition, a state in the transition system is a pair (X,→X),
where →X represents the current causality relation. �X and �X represent the
sets of dependencies dropped respectively added by the events in X. Condition 2
ensures both consistency and securing. It also implies that two events occurring
in the same step cannot be causally related, so they can only be concurrent.
Condition 3 specifies the update of the current causality relation after a
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transition. Conditions 4 and 5 only apply to steps containing more than one
event: the first requires that only dependencies that are ineffective (because one
of the two related events has already occurred) can be simultaneously added
and dropped in the same step, while the latter requires that if a dependency
[e→ e2] is added in the same step where the caused event e2 occurs, then the
cause e should have occurred previously in the computation.

Definition B.1 (DCES semantics [Arb+18]). Let S = (E,→,�,�) be a
dynamic causality event structure and let X,Y ⊆ E. Letting →∅ = →, we
define (X,→X) Z⇒S (Y,→Y ) if

1. X ⊂ Y ;

2. ∀e ∈ Y \X : {e′ | (e′, e) ∈ →X} ⊆ X;

3. →Y = (→X \�Y \X) ∪�Y \X ;

4. ∀(e1, e2) ∈ �Y \X ∩�Y \X : (e1 ∈ X ∨ e2 ∈ X); and

5. ∀e1, e2 ∈ Y \X : ∀e ∈ E : e1 � [e→ e2] =⇒ e ∈ X.

We first show that DCESs are incomparable with DCCESs.

Lemma B.2. Dynamic causality event structures are incomparable with
dynamic causality event structures with counters.

Proof. Let S = (E,→,�,�) where E = {e1, e2, e3, e, e
′}, → = ∅ and e1 �

[e→ e′], e2 � [e→ e′], e3 � [e→ e′].

First, interpret S as a DCES and assume, for the sake of contradiction,
that there exists some DCCES S′ = (E,→′,�′,�′) such that S ≃t S′. Note
that this implies trace equivalence of S and S′. Since e1, e2, e3, e and e′

are all traces of S and therefore of S′, it follows that →′ = ∅. Furthermore,
e1e2 and e2e1 are both traces of S and therefore of S′, so neither adds a
dependency to the other. Then, since e1e

′ is no trace of S, e1 must add
some dependency to e′. However, e1e2e

′ is a trace of S and therefore of S′,
meaning e2 must drop whatever dependency was added to e′ by e1, or e2
itself is the dependency in question. It follows from all of the preceding that
e2e1e

′ must also be a trace of S′, while it is not a trace of S.

Next, interpret S as a DCCES and assume, for the sake of contradiction, that
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there exists some DCES S′ = (E,→′,�′,�′) such that S ≃t S′. Again, this
implies trace equivalence of S and S′. As before, because all the singleton
events are traces of S, it follows that →′ = ∅. Since e1e

′ is no trace of S, e1
must add some dependency to e′. Since ee1e

′ is a trace of S, this dependency
must be e. However, since e2e1e

′ is also a trace of S, the dependency must
also be e2. Since e and e2 are two distinct events, this is contradictory.

We now show that DCESs are incomparable with BPs.

Lemma B.3. Dynamic causality event structures are incomparable with
branching pomsets.

Proof. Since PESs are not included in BPs (Lemma 4.29) and PESs and
included in DCESs, it follows trivially that DCESs are not included in BPs.
For the other direction, consider the BP R below:

Choice

Choice

a

b

c

d

e

f

For the sake of contradiction, assume that there exists a DCES S = (E,→
,�,�) such that S ≃t R. Note that this also implies trace equivalence of S
and R. Since a, b, c, d, e and f are all traces of R (and thus of S), it follows
that → = ∅. Since ed is not a trace of R, it then follows that e adds some
dependency to d. Since faed is a trace of R, it follows that this dependency
cannot be b, c or d; similarly, since fbed is a trace of R, it cannot be a. By
process of elimination, we conclude that e� [f → d] and that e adds no other
dependency to d. Analogously, f � [e→ d] and f adds no other dependency
to d. It then follows that {e, f} 7→S {e, f, d}, but {e, f} ̸7→R {e, f, d}. Since
{e, f} is reachable in 7→R, and thus also in 7→S , this is contradictory.

We note that the BP R in Lemma B.3 can be represented as a DCCES, although
not trivially; it is thus not a counterexample to Conjecture 4.36. The early
reasoning from Lemma B.3 still holds: in any equivalent DCCES, there are
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still no initial dependencies, and both e and f must add some dependency to
d. Since efd is a trace of R, e and f must add some dependency to d other
than each other. Since we are now considering a DCCES, and since both aed
and afd are traces of R, it follows that a must either drop any dependency
added by e and f , or be the dependency itself. However, a can only drop any
dependency once, and since aefd is a trace of R, it follows that e and f cannot
add the same dependencies to d — both adding a as a dependency is prevented
by the analogous case for b.

The “trick” to the solution is to add these dependencies indirectly: have e and
f add each other as a dependency to d, and have one of the two also add
a (and optionally b). In turn, a and b drop all (non-self) dependencies once,
which cancels out since no dependency is added more than once. Formally, this
corresponds to the following: e � [a, b, f → d], f � [e → d], a � [b, e, f → d],
b� [a, e, f → d], where e� [a, b, f → d] is a shorthand for the addition of the
three dependencies from a, b and f to d, and analogously for the others. This
corresponds to the behaviour of R.
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Summary

Distributed computing is becoming ever more important. However, designing
and implementing distributed systems correctly is notoriously difficult. An
important factor in this is the interplay between participants in such a system:
certain tasks are allowed concurrently, while others are dependent on each other.
Coordinating participants requires communication between them, which can be
specified using communication protocols. Choreographies are a specific notation
for communication protocols, which specifies them from a global perspective and
have the benefit of guaranteeing certain desirable properties by construction.
As a drawback, there are also more restrictions on the communication patterns
they can specify. The first part of this thesis contributes to removing these
restrictions. We study an existing operator from formal language theory, called
shuffle on trajectories, and show how it can be used in a choreography language
to specify a large class of behaviour, while preserving desirable properties.

A second problem is that it may be impossible to implement certain communic-
ation patterns in a way that precisely matches a specification; we then say that
that specification is not realisable. In general, determining realisability takes
exponential time or is undecidable. The second part of this thesis contributes to
the development of a rich yet polynomial realisability analysis. We introduce a
new model for the behaviour of choreographies, based on partially ordered sets:
these ‘branching pomsets’ are capable of compactly modelling combinations
of concurrency and choice, which typically occur in choreographies. We then
compare this model with the existing literature on event structures, a class
of related models. We define well-formedness conditions on the structure of
branching pomsets, which are easy to check, and we show that they are suffi-
cient to prove realisability of the modelled communication protocol. Finally, we
discuss an implementation of branching pomsets and the described analysis.
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Samenvatting

Gedistribueerde systemen worden almaar belangrijker. Het correct ontwerpen en
implementeren ervan is echter erg ingewikkeld. Een belangrijke reden hiervoor is
het samenspel van de deelnemers in een systeem: bepaalde taken mogen gelijk-
tijdig gebeuren, terwijl andere taken afhankelijk zijn van elkaar. Het coördineren
van deelnemers vereist communicatie tussen hen, wat kan worden gespecificeerd
door middel van communicatieprotocollen. Choreografieën zijn een specifieke
notatie voor communicatieprotocollen, die ze specificeert vanuit een globaal
perspectief, en die bepaalde wenselijke eigenschappen per constructie garand-
eert. Als nadeel zijn er ook meer beperkingen op de communicatiepatronen die
ze kunnen specificeren. Het eerste deel van dit proefschrift draagt bij aan het
wegnemen van deze beperkingen. We bestuderen een bestaande operator uit de
formeletalentheorie, met de naam ‘shuffle on trajectories’, en laten zien hoe
deze kan worden gebruikt in een choreografietaal om een grote gedragsklasse te
specificeren, met behoud van wenselijke eigenschappen.

Een tweede probleem is dat het onmogelijk kan zijn om bepaalde communic-
atiepatronen te implementeren op een manier die precies overeenkomt met
een specificatie; we zeggen dan dat een specificatie niet realiseerbaar is. In
het algemeen kost het bepalen van realiseerbaarheid exponentieel veel tijd of
is het onbeslisbaar. Het tweede deel van dit proefschrift draagt bij aan de
ontwikkeling van een uitgebreide maar polynomiale realiseerbaarheidsanalyse.
We introduceren een nieuw model voor het gedrag van choreografieën, gebaseerd
op partieel geordende verzamelingen: deze ‘vertakkende pomsets’ vormen een
compact model voor combinaties van gelijktijdigheid en keuze, een typisch ele-
ment van choreografieën. We vergelijken dit model met de bestaande literatuur
over ‘event structures’, een klasse van gerelateerde modellen. We definiëren
welgevormdheidseisen op de structuur van vertakkende pomsets, die eenvoudig
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zijn om na te gaan, en we tonen aan dat deze afdoende zijn om te bewijzen dat
het gemodelleerde communicatieprotocol realiseerbaar is. Ten slotte bespreken
we een implementatie van vertakkende pomsets en de beschreven analyse.
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